AUBRY SETS FOR WEAKLY COUPLED SYSTEMS
OF HAMILTON-JACOBI EQUATIONS
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ABSTRACT. We introduce a notion of Aubry set for weakly coupled systems of
Hamilton—-Jacobi equations on the torus and characterize it as the region where the
obstruction to the existence of globally strict critical subsolutions concentrates.
As in the case of a single equation, we prove the existence of critical subsolutions
which are strict and smooth outside the Aubry set. This allows us to derive
in a simple way a comparison result among critical sub and supersolutions with
respect to their boundary data on the Aubry set, showing in particular that the
latter is a uniqueness set for the critical system. We also highlight some rigidity
phenomena taking place on the Aubry set.

INTRODUCTION

In this paper we will consider a weakly coupled system of Hamilton—Jacobi equa-
tions of the form

m
H;(xz, Du;) + Z bij(z)uj(z) =a in TV for every i € {1,...,m}, (1)
j=1
where a is a real constant, Hy,...,H,, are continuous Hamiltonians defined on
the cotangent bundle of TV, convex and coercive in the momentum variable, and
B(z) := (bjj(x)) is a continuous m x m matrix satisfying

bij(z) <0 for j #1, Zbij(l’) =0 for every x € TV and i € {1,...,m}.
j=1

Such weakly coupled systems arise naturally in optimal control problems asso-
ciated with randomly switching costs, where the switching is governed by specific
Markov chains, see [22, 36]. In the PDE literature, they have been studied as a
particular instance of monotone systems, see [14, 25, 26]. More recently, they have
been considered in connection with homogenization problems [5, 21, 30] and for
the long—time behavior of the associated evolutionary system [6, 28, 29, 32]. These
works are a generalization of results established in the case of a single equation, see
[1, 3, 11, 17, 24, 27, 31, 33, 34, 35].

Note that we must assume some further condition on the coupling matrix to solve
the system (1) with the same constant a as right-hand side: in the extreme case
where B(z) = 0, each equation H;(z, Du;) = a; can be solved for a unique a;, and
usually the a; are different. We will therefore assume that B is irreducible, meaning,
roughly speaking, that the coupling is non—trivial and the system cannot be split
into independent subsystems, see Definition 1.1—-(7). Under this assumption, it has
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been established in [6, 28] that there is a unique a for which the system (1) can be
solved. Such a value is denoted by ¢ and termed critical in the sequel. These results
were proved using the so called ergodic approzimation in the spirit of [27], or the
new adjoint method introduced by Evans [15].

Solutions of (1) are usually not unique, even up to addition of a common constant
to all the u;. Except for the work [6], which addresses the case of Hamiltonians of
particular form, little attention has been devoted to the issue of non—uniqueness
of solutions for systems. In the case of a single equation, the study of these non-
uniqueness phenomena is part of weak KAM theory, see for example [18]. Inspired
by these results, we have addressed these questions and we have drawn a weak KAM
analog for weakly coupled systems of the form (1). The main contribution of this
paper is to define the Aubry set for systems and to establish its main properties.
Due to a lack of suitable variational formulae for the solutions of the system, we
have relied more on the PDE methods for weak KAM theory.

Our study is based on a different definition of the critical value ¢, given as the
minimal ¢ € R for which the corresponding weakly coupled system admits viscosity
subsolutions. This characterization was already known, see for instance [28], but we
provide here a new proof to the existence of solutions at the critical level, based on
a fixed point argument in the spirit of [16, 18].

Next we show that the obstruction to the existence of globally strict subsolutions
of the corresponding critical system is not spread indistinctly on the torus, but
concentrates on a closed set A, that we call Aubry set in analogy to the case of a
single equation. We prove existence of critical subsolutions smooth and strict outside
the Aubry set and we show that they are dense, with respect to the topology of
uniform convergence, in the family of critical subsolutions. This allows us to derive
in a simple way a comparison result among critical sub and supersolutions satisfying
suitable “boundary” conditions on A, see Theorem 5.5. In particular, we infer that
the Aubry set is a uniqueness set for the critical system, i.e. two critical solutions
that coincide on A4 do coincide on the whole torus. We furthermore show that the
trace of any critical subsolution on A can be extended on the whole torus in such a
way that the output is a critical solution, see Theorem 5.7.

Our study also highlights some rigidity phenomena taking place on the Aubry set.
First, we show that any pair of critical subsolutions differ, at each point y of A, by
a vector of the form k (1,1,...,1), see Proposition 5.1. This accounts for the kind of
symmetries already observed in [6] for the particular class of Hamiltonians therein
considered, see Section 6.1 for more details. A second rigidity phenomenon that we
point out is when the Hamiltonians are additionally assumed strictly convex in the
momentum: in this case we prove that, at any point of the Aubry set, the intersection
of the reachable gradients of all the critical subsolutions is always nonempty, see
Proposition 4.4. This can be regarded as a weak version of a result holding in the
scalar case, where it is known that, under suitable regularity assumptions on the
Hamiltonian, the critical subsolutions are all differentiable on the Aubry set and
have the same gradient, see [18, 19, 20].

This paper is organized as follows. In Section 1 we fix the notations and assump-
tions, and we give a brief overview of existing results on weakly coupled systems.
Section 2 is devoted to the definition of the critical value and to the study of its
main properties. In Section 3 we give the definition of Aubry set and explore its
properties. The first part of Section 4 is devoted to the regularization of subsolutions
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outside of the Aubry set, while in the second part we prove a rigidity phenomenon
enjoyed by reachable gradients of critical subsolutions on the Aubry set. Another
rigidity phenomenon is instead presented at the beginning of Section 5, where we
also prove the comparison principle. In Section 6 we illustrate our theory on some
examples. Appendix A contains the more technical proofs of Section 2.
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1. PRELIMINARIES

1.1. Notations. Throughout the paper, we will denote by TV = RV /ZN the N-
dimensional flat torus, where N is an integer number. The scalar product in RY
will be denoted by (- ,-), while the symbol |- | stands for the Euclidean norm. Note
that the latter induces a distance on TV, denoted by d(-,-), defined as

d(z,y) = :2%1;1\] |z —y + K| for every z,y € TVN.

We will denote by Br(zp) and Br the open balls in TV of radius R centered at xg
and 0, respectively.

With the symbols N and R} we will refer to the sets of positive integer numbers
and nonnegative real numbers, respectively. We say that a property holds almost
everywhere (a.e. for short) in a subset E of TV if it holds up to a negligible subset
of F/, i.e. a subset of zero N—dimensional Lebesgue measure.

We will denote by ||g||ec the usual L>-norm of g, where the latter is a measurable
real function defined on TV. We will write g, = ¢ in T to mean that the sequence
of functions (gy, ), uniformly converges to g in TV, i.e. ||gn—g|lc — 0. We will denote
by (C(TY))™ the Banach space of continuous functions u = (uq, ..., up)" from TV
to R™ (where the upper—script symbol T stands for the transpose), endowed with
the norm

lu—v|e = lréliganui—viHOO, u,v e (C("]I‘N))M.
We will write u™ = uin TV to mean that |[u” —ul| — 0. A function u € (C(TV))™
will be termed Lipschitz continuous if each of its components is k—Lipschitz contin-
uous, for some k > 0. Such a constant x will be called a Lipschitz constant for u.
The space of all such functions will be denoted by (Lip(T™))™.

We will denote by 1 = (1,---,1)T the vector of R™ having all components equal
to 1. We consider the following partial relations between elements a,b € R™: a < b
(respectively, a < b) if a; < b; (resp., <) for every i € {1,...,m}. Given two
functions u, v : TV — R™, we will write u < v in TV (respectively, <) to mean that
u(z) < v(z) (resp., u(z) < v(z)) for every z € TV.
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1.2. Linear algebra. Here we briefly present some elementary linear algebraic re-
sults concerning coupling matrices.

Definition 1.1. Let B = (b;;);; be a m X m-matrix.
(i) We say that B is a coupling matriz if it satisfies the following conditions:

m
bij < 0 for j # i, Zbii>0 for any ¢ € {1,...,m}. (©)
j=1
m
It is additionally termed degenerate if > bj; =0 for any i =1,...,m.
7j=1

(ii) We say that B is irreducible if for every subset Z C {1,...,m} there exist
it €Z and j € T such that b;; # 0.

When a coupling matrix is irreducible, we can derive further information on the
sign of its diagonal elements:

Proposition 1.2. Let B = (b;;);; be an irreducible m x m coupling matriz. Then
bi; >0  for everyi € {1,...,m}.

Proof. Indeed, if b;; = 0 for some i € {1,...,m}, condition (C) would imply b;; = 0
for every j € {1,...,m}, in contradiction with the fact that B is irreducible. O

The following proposition gives an obstruction to being in the image of a degen-
erate coupling matrix.

Proposition 1.3. Let B = (bi;);; be a degenerate m x m coupling matriz. Let
a = Bv for some v € R™. Then min;a; < 0 < max;a;. Moreover, if B is
irreducible and min; a; > 0 (resp. max;a; < 0), then v = A1 for some A € R and
a=20.

Proof. Let v = (v1,...,vn)T be such that Bv = a and set Z := {k € {1,...,m} :
vg = min; v; }. For k € Z we have

m

m
ap = Zbkjvj < Zbkjvk = O, (11)
j=1 j=1

that is ar < 0 for every k € Z. In particular, we get min; a; < 0.

Let us additionally assume B irreducible and min; a; > 0. We claim that Z =
{1,...,m}. Indeed, if this where not the case, there would exist k € Z and j ¢ Z such
that by; # 0. From (1.1) and the hypothesis we get 0 < min; a; < a;, <0,i.e. ap =0
and all the inequalities in (1.1) must be equalities. In particular by;jv; = by;vg,

yielding v; = v = min;v;, i.e. j € Z, a contradiction. Hence v = v;1 and
a = Bv = 0 by the degenerate character of B. The analogous results with max in
place of min follow at once by replacing a and v with —a and —v. O

As a straightforward consequence of Proposition 1.3, we derive the following in-
vertibility criterion:

Proposition 1.4. Let B = (b;j); ; be an m x m irreducible coupling matriz. Then
(i) Ker(B) Cspan{(1,...,1)T} = R1;
(ii) Ker(B) =span{(1,...,1)T} =R1 if and only if B is degenerate.
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m
In particular, B is invertible if and only if > bi; > 0 for some i € {1,...,m}.
i=1

1.3. Weakly coupled systems. Throughout the paper, we will call convex Hamil-
tonian a function H satisfying the following set of assumptions:

(H1) H:TV xRN =R is continuous;
(H2) p~ H(z,p) is convex on RY for any = € TV;

(H3)  min H(x,p) — 400 as |p| — +o0.
zeTN

Property (H3) will be referred as coercivity of H in p. The Hamiltonian will be
termed strictly convex if it additionally satisfies the following stronger assumption:

(H2)  pw~ H(x,p) is strictly convex on RY for any x» € TV.

Moreover, we will denote by B(z) = (bi;(x)), ; anm X m-matrix with continuous

coefficients b;j(z) on TV. If not otherwise stated, the following hypotheses will be
always assumed:

(B1)  B(z) is an irreducible coupling matrix for every z € T;

(B2) B(x) is degenerate for every z € TV.

Let Hy(z,p),..., Hyu(x,p) be convex Hamiltonians, i.e. functions satisfying con-
ditions (H1)—(H3). We are interested in weakly coupled systems of the form

Hi(z, Du;) + (B(x)u(z)), = a; in T for every i € {1,...,m}, (1.2)

for some constant vector a = (a1,...,am)", where u(z) = (ui(z),... ,um(x))T and
(B(a:)u(x))l denotes the i—th component of the vector B(x)u(z), i.e.

(Ba)u(@)), =Y bij()u;(x).
j=1

Remark 1.5. The weakly coupled system (1.2) is a particular type of monotone
system, i.e. a system of the form G; (;U, u(x), ..., um (), Dui) =0 in TV for every
i € {1,...,m}, where suitable monotonicity conditions with respect to the u;-
variables are assumed on the functions G, see [5, 14, 23, 25, 26]. In the specific case
considered in this paper, the conditions assumed on the coupling matrix imply, in
particular, that each function Gj is strictly increasing in u; and non—increasing in
uj for every j # ¢. This kind of monotonicity will be exploited in many points of
the paper.

Given a continuous function v on TV, we will call subtangent (respectively, su-
pertangent) of u at zg a function ¢ of class C! in a neighborhood U of zg such that
u — ¢ has a local minimum (resp., maximum) at xg. Its gradient D¢(xg) will be
called a subdifferential (vesp. superdifferential) of u at xg. The set of sub and su-
perdifferentials of u at zg will be denoted D~ u(zg) and DT u(xg), respectively. The
function ¢ will be furthermore termed strict subtangent (resp., strict supertangent)
if u — ¢ has a strict local minimum (resp., maximum) at xg. Any subtangent (resp.,
supertangent) ¢ of u can be always assumed strict at z¢ without affecting D¢ (xq)
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by possibly replacing it with ¢ — d?(x,-) (resp. ¢ + d*(xo,-)). We recall that u is
differentiable at z¢ if and only if DT u(x¢) and D~ u(xg) are both nonempty. In this
instance, DV u(zg) = D™ u(xg) = {Du(xg)}. We refer the reader to [7, Chapter 3,
Propositions 3.1.5, 3.1.9] for the proofs.

When u is locally Lipschitz in TV, we will denote by 0*u(zg) the set of reachable
gradients of u at xg, that is the set

0" u(xo) = {lim Du(zy,) : wu is differentiable at =, z, — o },
while the Clarke’s generalized gradient 0°u(xo) is the closed convex hull of 0*u(zg).
The set 9°u(zg) contains both DTu(zo) and D~ u(xz), in particular Du(zg) €

0°u(zp) at any differentiability point z¢ of u. We refer the reader to [9] for a
detailed treatment of the subject.

Definition 1.6. Let u € (C(TN))m. We will say that u is a viscosity subsolution
of (1.2) if the following inequality holds for every (z,i) € TV x {1,...,m}:

Hi(z,p) + (B(a:)u(x))z < a; for every p € Dt u,(x).

We will say that u is a wiscosity supersolution of (1.2) if the following inequality
holds for every (x,i) € TV x {1,...,m}:

Hi(z,p) + (B(z)u(z)), > a; for every p € D™ u;(x).
We will say that u is a viscosity solution if it is both a sub and a supersolution.

In the sequel, solutions, subsolutions and supersolutions will be always meant in
the viscosity sense, hence the adjective wviscosity will be omitted.
Due to the convexity of the Hamiltonian H;, the following equivalences hold:

Proposition 1.7. Leta € R, i € {1,...,m} and u € (Lip(']I‘N))m. The following
facts are equivalent:

(i)  Hi(z,p)+ (B(z)u(z)), <a for every p € DY u;(x) and x € TV;
(i)  Hi(z,p)+ (B(z)u(x)), <a for every p € D~u;(z) and z € TV
(iii)  Hi(z,p) + (B(z)u(z)), < a for every p € O°u;(x) and x € TV;
(iv)  Hi(z, Dui(z)) + (B(z)u(z)), <a for ae. xeTV.

Next, we state a proposition that will be needed in the sequel, see also [14, 26,
23, 25] for similar results.

Proposition 1.8. Let F be a subset of (C(’]I‘N))m and define the functions u,  on
TN by setting:

u;(z) = inffui(:r), ui(z) = sup u;(x) for every x € TN and i€ {1,...,m}.
ue ueF

Assume that u and 0 belong to (C(TN))™ and let a € R™. Then:

(i) if every u € F is a subsolution of (1.2), then U is a subsolution of (1.2);

(i) if every u € F is a supersolution of (1.2), then u is a supersolution of (1.2).
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For a scalar Hamilton—Jacobi equation this proposition is well known, see for
instance Section 2.6 in [2]. Using monotonicity, the proof for the scalar case can be
easily generalized to our setting.

We will be also interested in the evolutionary counterpart of (1.2), i.e. the system

Oui + Hi(x, Dyu;) + (B(x)u(t,z)), = 0 in (0,+00) X TV Vie{l,...,m},

ot
(1.3)
where we have denoted by u(t,z) = (w1 (t,z), ..., um(t, x))T
The following comparison result holds, see for instance [5] for a proof.

Proposition 1.9. LetT >0 and v, u € (Llp ([0,T] x TN ) be, respectively, a sub

and a supersolution of (1.3). Then, for everyi e {1,...,m}
vi(t, z) — wi(t,z) < max max (v;(0,-) — u;(0, )), (t ,:c) € [0,T] x TV,
1<i<m TN

By making use of this proposition and of Perron’s method, it is then easy to prove
the following

Proposition 1.10. Let ug € (Lip(’]I‘N))m. Then there exists a unique function
u(t,z) in (Lip(Ry xTN))"™ that solves the system (1.3) subject to the initial condition
u(0,z) = ug(z) in TV. Moreover, the Lipschitz constant of u(t,z) in Ry x TV only
depends on the Hamiltonians Hy, ..., Hy, and on the Lipschitz constant of ug.

We will denote by S(t)ug(x) the solution u(t,z) of (1.3) with initial datum uy.
This defines, for every ¢ > 0, a map S(¢) : (Lip(TV))™ — (Lip(TV))™

We summarize in the next proposition the properties enjoyed by such maps, which
come as an easy application of the above results.

Proposition 1.11. For every t,s >0 and u,v € (Lip(’IFN))m we have:
(i) (Semigroup property) S(s)(S(t)u) =S(t+s)u in TV;
(ii) (Monotonicity) if v<u inTV, then St)v<S(t)u inTV;
(iii) (Non—expansiveness property) |[S(t)v —S(t)ulle < ||V — ulloo;
(iv) for everya € R, S(t)(u+al)=S{t)u+al inTV.

The fact that the coupling matrix B(z) is everywhere degenerate is crucial for
assertion (7v).

2. THE CRITICAL VALUE

In this section we define the critical value and we study the corresponding critical
System.
We first establish a priori estimates for the subsolutions of the system (1.2).

Proposition 2.1. Let a = (ay,...,an)T € R™ and u € (C(TY))™ such that
(B(z)u(z)), < a; for every x € TN and i€ {1,...,m}. (2.1)
Then there exists a constant My only depending on a and B(z) such that
(1) |lui — ujlloc < Ma for every i, j € {1,...,m};
(ii) ‘(B(m)u(x))J < M, for every x € TV andi € {1,...,m}.
7



Proof. It suffices to prove the assertion for a = a 1. Let us set

= min min b;;(x *= max max |b;;(z)].
o= min o (@), P 1<i,j<mxeﬂl‘N’ (@)l
Such quantities are finite valued. Moreover, j, is strictly positive in view of Propo-
sition 1.2 and of the fact that B(z) is, for every x € TV, an irreducible coupling
matrix with continuous coefficients.
Let us now fix € TV and assume, without any loss of generality that ui(z) <

m
ug(z) < -+ < up(x). First notice that, by subtracting > by;(2)um(z) = 0 from

7j=1
both sides of equation (2.1) with i = m, one gets > —bm;j(2)(um(z) — u;(z)) <
i#m
a, yielding (um(z) — maxu;j(z)) > —bm;(z) < a. Since B(z) is degenerate and

7m j#m
ur(x) <wug(x) < -+ < up(z) we get
a a

b (2) S B

This proves assertion (i) when m = 2. To prove it in the general case, we argue by
induction: we assume the result true for m and we prove it for m + 1. To this aim,
we restate equation (2.1) as

0 < Um(x) — Uupm—1(x) < (2.2)

m—1

> big @)y @) + (bim (@) + bimi (2) )t (2) + b1 (2) (U1 () = (@) ) < a,
j=1
then we exploit (2.2) to get

:2 bij (@ )uj(z) + (bim(:c) + bim+1(x)>um(x) <a (1 + g) (2.3)

*

for every i € {1,...,m + 1}. The irreducible character of B(z) applied to the set
Z = {m,m + 1} implies b, (x) + bim+1(xz) > 0 for either i = m or i = m + 1,
let us say ¢ = m for definitiveness. Assertion (i) now follows by applying the
induction hypothesis to the system given by (2.3) with ¢ varying in {1,...,m}, the
corresponding coupling matrix being still irreducible and degenerate.

To prove (i) it suffices to note that, for every i € {1,...,m},

_ (B(av)u(ac))Z = —bj;(z)u;(x) + Z (= bij(z))u;(x)

J#i
< =bii@)ui(@) + ) —bij(@) (ui@) + fui — usllo0)
JF#i
< (m = 1) BJui = ujllco,
and the assertion follows from (i) and from hypothesis (2.1). O

As a consequence, we derive the following result:

Proposition 2.2. Let u = (u1,...,un)’ € (C(TN))™ be a subsolution of (1.2) for
some a € R™. Then there exist constants Cy and ka, only depending on a, on the
Hamiltonians Hy, ..., H, and on the coupling matriz B(x), such that

(1) |lwi — ujlloc < Ca for every i, j € {1,...,m};
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(ii) is ka-Lipschitz continuous in TV,
Proof. For each i € {1,...,m}, we have
Hi(z,p) + (B(m)u(x))l <a; for every x € TV and p € DVu,(z).

Since Dtw;(x) # @ for a dense set of points, see [7, Proposition 3.1.9], if we set
p = inf{H;(z,p) : (z,p) € TN xRN, i =1,...,m} the continuity of B and u
implies (B(z)u(z)), < a; —p  for every z € TV. In view of Proposition 2.1 we get
(i) and
‘(B($)u(x))l| < Ca for every x € TV
with Cy := Ma_,1. Plugging this inequality in (1.2) we derive that u; is a viscosity
subsolution of
Hi(ib‘, Dul) <a;+Cy in TV

and assertion (ii) follows as well via a standard argument that exploits the coercivity
of H;(x,p) in p, see for instance [2, Lemma 2.5]. O

Next, we establish a remarkable property of weakly coupled systems.

Theorem 2.3. Assume that v, u € (C(TN))m are, respectively a sub and a super-
solution of the weakly coupled system (1.2) for some a € R™. Let xg € TV be such

that

vi(xo) — ui(xg) = M := max max (v; — u;) for some i€ {1,...,m}.

Then v(xo) = u(xo) + M1.

Proof. In view of Proposition 2.2, we know that v is Lipschitz continuous. Set
T={ie{l,...,m} : (vi(wo) — ui(xo)) = M }.

We want to prove that Z = {1,...,m}. Indeed, if this were not the case, by the

irreducible character of the matrix B(xg) there would exist ¢ € Z and k ¢ Z such

that b;x(zo) < 0. We now make use of the method of doubling the variables to reach

a contradiction. For every € > 0, we set

T 2 Tr,T 2
U (,9) = ila) — wily) — DY AB IS

Let M. = maxpy v 1. and denote by (z.,%.) a point in TV x TV where such a
maximum is achieved. By a standard argument in the theory of viscosity solution,
see for instance Lemma 2.3 in [2], the following properties hold:

d((L‘a, Ye)

Te, Ye — TQ, - —0 as e — 0. (2.4)

x,yE’]I‘N.

Furthermore, for € > 0 small enough,

/ Te — Ye

Pe =~ € D™ ui(ye), pe:=pL — (ze —w0) € DT vy(w.).

By the Lipschitz character of v; we derive that the vectors {p. : € > 0} are equi—
bounded, hence, up to subsequences and in view of the estimates (2.4), we infer
De, DL — po as € — 0 for some vector py € RY. We now use the fact that v and u
are a sub and supersolution of (3.1), respectively, to get

Hi(ze,pe) + (B(zo)v(ze)), <0 and  Hy(ye,pl) + (B(y-)u(ye)), > 0.
9



By subtracting the above inequalities and by passing to the limit for ¢ — 0 we end
up with

(B0 (v(a0) —ulav))) <0, (25)

that is, since ¢ € Z and the matrix B(xo) is degenerate,
Mb”(x(]) < Z —bij(xo)(l}j(xo) — Uj(xo)) < M Z —bij(x()) = Mb“(l’o)
J# J#i
Hence the above inequalities are equalities, in particular vy (xg) — uk(xo) = M since
bir(zo) # 0, in contrast with the fact that k & Z. O

Remark 2.4. Note that the degeneracy hypothesis on the coupling matrix is only
used at the very end of the proof of Theorem 2.3. In particular, the variable-doubling
argument still works under broader assumptions, and equation (2.5) is still valid,
even for non degenerate coupling matrices.

Definition 2.5. For every a € R™, we denote by H(a) the set of subsolutions of
the weakly coupled system (1.2). We will more simply write H(a) whenever a = al
for some constant a € R.

Lemma 2.6. The sets H(a) are conver and closed in (C(TN))m, and increasing
with respect to the partial ordering on R™.

Proof. Convexity and monotonicity are straightforward. The fact that the #(a) are
closed is a direct consequence of stability of viscosity subsolutions. O

We now focus our attention to the case a = al. As a direct consequence of the
definition of the semigroup S(t), we get the following assertion:

Proposition 2.7. Leta € R and u € (Lip(']I‘N))m. Then u is a viscosity solution
of (1.2) with a = a1 if and only if u = S(t)u+tal in TV for every t > 0.

We have the following characterization:

Proposition 2.8. Leta € R and u € (Lip(TN))m. The following facts are equiva-
lent:

(i) ueH(a);
(i)  the map t — S(t)u+tal is non-decreasing on [0,+00).

In particular, the sets H(a) are stable under the action of the semigroup S(t), in the

sense that S(t)(H(a)) C H(a).

The proof of this proposition is rather technical and it is postponed to the Ap-
pendix A.

Definition 2.9. The critical value ¢ of the weakly coupled system (1.2) is defined as
c=inf{a e R : H(a) # D }. (2.6)
The following holds:

Proposition 2.10. The critical value c is finite and H(c) # .
10



Proof. By the compactness of TV and the continuity of the Hamiltonians, it is easily
seen that the function u = (0,...,0)7 is a subsolution of (1.2) for agl with ag € R
big enough.

Let us proceed to show that c¢ is finite valued and that H(c) # @. Let (a,)n be
a decreasing sequence converging to ¢ and let u” € H(a,,) for each n € N. Arguing
as in the proof of Proposition 2.2 and taking into account that u” is Lipschitz, we
obtain that pu < H;(z, Dul(7)) < an + Mg, a.e. in TV for every i € {1,...,m} and
n € N. This shows that c is finite.

We now exploit Proposition 2.2: by the monotonicity of the sets H(a) with respect
to a, we infer that the functions u” are equi-Lipschitz. Up to subtracting a vector
of the form k,1 to each u", we can furthermore assume that u7(0) = 0 for every
n € N, yielding sup,, ||u}]lcc < L for some L € R by the equi-Lipschitz character
of the sequence. Moreover, Hu}"‘ —ullloo < Cy, forevery je{1,...,m} and n € N,
yielding [|u}|lcc < Coy +L for every j € {1,...,m} and n € N. Up to subsequences,
by the Arzela-Ascoli theorem, we infer that u” = u in TV and u € H(c) by
stability of the notion of viscosity subsolution. O

We now proceed to show that a weakly coupled system of the kind (1.2) with
a = al possesses solutions if and only if a equals the critical value c.
We start with a preliminary result.

Proposition 2.11. Let B(z) be a continuous irreducible coupling matriz on TV and
let us assume that B(x) is invertible for every x € TN. Let v, u € (C(TN))m be,
respectively, a sub and a supersolution of the weakly coupled system (1.2), for some
a € R™. Then v(z) <u(x) for every z € TV.

Proof. By the continuity of B(z)v(z) and the coercivity of the Hamiltonians H;, we
easily get that v is Lipschitz, cf. proof of Proposition 2.2.

Set M = maxj<i<m maxpn (v; — u;). We want to prove that M < 0. Assume
by contradiction that M > 0 and pick a point zo € TV where such a maximum
is attained. Set Z = {i € {1,...,m} : vi(wo) — ui(xg) = M }. Using a variable—
doubling argument as in the proof of Theorem 2.3 (see also remark 2.4) we infer
that

(B(mo)(v(:ro) - u(xo)))' <0 for every i € 7. (2.7)

(2
If T = {1,...,m}, inequality (2.7) must be an equality since the matrix B(xz)
satisfies condition (C) and this is in contradiction with the fact that it is invertible.

IfZ #{1,...,m}, we choose i € T and k ¢ T such that b;x(zo) < 0. From (2.7) and
the assumption that M > 0 we infer that

Mb”(l‘()) < Z —bij(l‘g)(vj(l‘o) — Uj(ZE())) < M Z —bij(l‘()) < Mbii(l’o),
j#i J#i
which implies that vg(zo) — ug(zo) = M, in contrast with the fact that k ¢ Z. O

The next result implies that solutions to a weakly coupled system of the kind
(1.2) with a = a1 may exist only if a equals the critical value.

Proposition 2.12. Let a,b € R and v, u € (C(']I‘N))m such that the following
inequalities are satisfied in the viscosity sense:
Hi(z,Dv;) + (B(z)v(z)), <a and Hi(z,Du;)+ (B(z)u(z)), > b in TV

for every i € {1,...,m}. Then b < a.
11



Proof. Let us assume by contradiction that b > a. Up to replacing v with v+k1 with
k > 0 big enough, we can assume v > u in TV. Let ¢ > 0 such that b—e > a+e. By
continuity of the functions v and u, we can find A > 0 such that ||\ v;]|cc, ||A uilec <
e for every i € {1,...,m}. Then the following inequalities hold in the viscosity sense
in TV:

Hi(z, Duy) + ((B(x) + ADu(z)), > b—e > a+e > Hy(x, Dvy) + ((B(x) + A)v(z))

For every = € TV, the matrix B(x) + A1 is irreducible, satisfies (C) and the sum of
the elements of each of its rows is strictly positive, hence it is invertible in view of
Proposition 1.4. By Proposition 2.11 we conclude that v < u in TV, achieving a
contradiction. (]

i

The next theorem is already known in literature, see [28, 6], and is proved by
the ergodic approximation method. We provide here a new proof using an idea
introduced in [18].

Theorem 2.13. There exists a function u € H(c) that solves the weakly coupled
system

Hi(z, Du;) + (B(z)u(z)), = ¢ in TV for every i € {1,...,m} (2.8)
in the viscosity sense.

Proof. We have already proved in Proposition 2.10 that H(c) # @. Let us introduce
the quotient space H = H(c)\R1, where we identify critical subsolutions that differ
by a constant vector belonging to R1. Arguing as in the proof of Proposition 2.10, it
is easily seen that # is compact for the topology of uniform convergence. Indeed, it
is isomorphic to the subset of H(c) of subsolutions whose first component vanishes
at the point x = 0. Moreover, since the viscosity semigroup commutes with the
addition of vectors of the form A1 and leaves H(c) stable, it induces a continuous
semigroup, denoted S, on H.

By the Schauder—Tychonoff fixed point theorem (see [13, Theorem 2.2, page 414]),
S possesses a fixed point, that is, there exists an element u € % such that Vt >
0, S'(t)ﬁ = u. Lifting these relations to H(c), we get that, for every ¢t > 0, there
exists ¢; € R such that S(t)u = u + ¢;1, where u is any element in the equivalence
class of 1. Since § is a semigroup, one readily realizes that ¢,y = ¢, +¢s for every
t,s > 0. Since t — S(t)u is continuous, we necessarily deduce that ¢, = —t¢ for all
t > 0 for some constant ¢ € R. The identity S(t)u = u — t¢1, for all ¢ > 0, implies
that u is a viscosity solution of (2.8) with ¢ in place of ¢, see Proposition 2.7. But
then ¢ = ¢ in view of Proposition 2.12 and the statement is proved. ([

3. THE AUBRY SET

In this section we start our qualitative analysis on the critical weakly coupled
system, i.e. the system (1.2) with a = cl, where ¢ is defined via (2.6). From now
on we will always assume the critical value ¢ to be equal to 0. This renormalization
is always possible by replacing each H; with H; — ¢. The critical weakly coupled
system reads as

H;i(z, Du;) + (B(z)u(z)), =0 in TV for every ¢ € {1,...,m}. (3.1)
Solutions, subsolutions and supersolutions of (3.1) will be termed critical in the

sequel. The family of critical subsolutions, we recall, is denoted by H(0).
12



Our qualitative analysis on the critical weakly coupled system is based on the
notion of Mané matriz, defined in analogy with that of the Mafnié potential.

Definition 3.1. For all (x,y,4,5) € TV x TV x {1,...,m} x {1,...,m}, we define

P j(y,x) = sup vi(z) —vi(y).
veH(0)

The following properties hold:

Proposition 3.2. The Mané matrixz verifies the following properties:

(i) it is everywhere finite and Lipschtiz continuous;
(i) ®.(y,) is a critical solution, for every (y,7) € TN x {1,...,m};
(iii) for every (y,7) € TN x {1,...,m} and v € H(0),
voul< e (y,) i TV,

namely ®.;(y,-) is the mazimal critical subsolution whose j—th component
vanishes at y;

(iv) the entries of the Mané matriz are linked by the following triangular inequal-
ty:
(Di,k’(x’ Z) < q)j,k(xa y) + (I)l,j(y7 Z)
for every i, j,k € {1,...,m} and z,y,z € TV.

Proof. The fact that the Mané matrix is well defined directly follows from Propo-
sition 2.2. Lipschitz continuity comes from the equi—Lipschitz character of critical
subsolutions.

The second assertion comes from the fact that ®. ;(y, -) is, for every fixed (j,v), a
supremum of critical subsolutions, hence itself a critical subsolution by Proposition
1.8.

The third point is a direct consequence of the definition.

The last point comes from the fact that ®. ;(y, -) is the greatest subsolution whose
j—th component vanishes at y. Since ®.(z, ) — ®;r(x,y)1 is a subsolution whose
j—th component vanishes at y we obtain that ®. p(x,-) — ®;r(z,y)1 < ®.;(y, "),
which is the triangular inequality to be proved. ([l

As in the case of a single critical equation, the Mané vectors are “almost” critical
solutions, in the sense explained below:

Proposition 3.3. Let yo € TV and i9 € {1,...,m}. Then the function u =
i, (yo, ) satisfies

Hi(z, Du;) + (B(z)u(z)), =0 in {1,...,m} x T\ {(io, o)}
in the viscosity sense.

Proof. We argue by contradiction, following the classical argument of [18] for the
classical Mafnié potential.

Let (i,y) be such that either i # ig or y # yo. Let us assume that the viscosity
supersolution condition is violated at (i,%). This means that there exists a C! func-
tion 1 such that ¢ (x) < ®;4,(yo, ) for all z, with equality if and only if z = y, and
H;i(x, Dy(y)) + (B(y)®. i (y0,y)), < 0. Since ¢ is C', and B(-) and ®.;,(xo, -) are
continuous, it is clear that this strict inequality continues to hold in a neighborhood
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of y. We infer that it is possible to find € > 0 small enough such that the function
w; = max{®; ;,(vo, ), + €} verifies

Hi(x, Dwi(z)) + (B(x)w(z)), <0 for a.e. x € TV,

where w is the vector whose i—th coordinate is w; and whose other coordinates are
those of ®.;,(yo,-). In the case when i = ig and y # yo, we choose ¢ > 0 small
enough in such a way that w;(yo) = ®;4,(v0,yo) = 0. Moreover, for every j # i,

Hj(z, Dwj(z)) + (B(a:)w(a:))] <0 for a.e. 2 € TV,

as it is easily seen from the fact that bj;(-) <0 in TN and w; > ;i (Yo, -).

We have thus shown that w is a critical subsolution with w;,(yo) = 0, w >
D®;i,(yo,-) and w # ®;;,(yo,-), thus contradicting the maximality of ®;;,(yo, )
amongst subsolutions whose ip—th coordinate vanishes at . ([

Next, we show a strong invariance property enjoyed by the rows of the Mané
matrix.

Proposition 3.4. Leti,j € {1,...,m} andy € TN. If ®_;(y,-) is a critical solution
on TV, then ®. (y,-) is too.

Proof. Let us set v :=®. (y, ) and u:= ®.;(y, ) + ®; ;(y,y) 1. In view of Proposi-
tion 3.3, we only need to show that H;(y, p)+ (B(y)v(y))j > 0 for every p € D™ v;(y).

According to Proposition 3.2, v < win TV and v;(y) = u;(y). The functions v and
u being respectively a critical subsolution and a solution, we can apply Theorem 2.3
to infer that v(y) = u(y). This also implies that D~ v;(y) € D~ u;(y). Exploiting
again the fact that u is a critical solution we finally get

0< Hj(y,p) + (By)uy)), = H;(y,p) + (B(y)v(y)),; for every p € D7 v;(y).
O
In view of the previous proposition, the following definition is well posed:

Definition 3.5. The Aubry set A for the weakly coupled system (3.1) is the set
defined as
A= {y eTV . . ;(y,-) is a critical solution} ,

where i is any fixed index in {1,...,m}.

By the continuity of the Mané matrix and the stability of the notion of viscosity
solution, it is easily seen that A is closed. The analysis we are about to present will
show that the Aubry set is nonempty: as in the corresponding critical scalar case,
we will see that A is the set where the obstruction to the existence of globally strict
critical subsolutions concentrates.

Definition 3.6. Let v € H(0). We will say that v; is strict at y € TV if there exist
an open neighborhood V' of y and § > 0 such that H; (x, Dvi(z)) + (B(x)v(z)), < —6
fora.e. x € V.

We will say that v; is strict in an open subset U of TV if it is strict at y for every
yel.

We start by establishing an auxiliary result that will be needed in the sequel.
By modulus we mean a nondecreasing function from Ry to R, vanishing and
continuous at 0.
14



We will say that (p,,), is a sequence of standard mollifiers if pp(z) := n¥ p(nz) in
RY  for each n € N, where p is a smooth, non-negative function on R, supported
in B; and such that its integral over RY is equal to 1.

Lemma 3.7. Let w € H(0) such that w; is strict at y € TN. Then there exists
w € H(0) such that w; is C*° and strict in a neighborhood of y.

Proof. By hypothesis, there exist » > 0 and § > 0 such that

H;(z, Dwi(z)) + (B(:):)w(:r))z < =0 for a.e. x € Bo(y).
Let ¢ : TV — [0, 1] be a C>°—function, compactly supported in B, (y) and such that
¢ = 1in B, 5(y). Let us denote by # a Lipschitz constant for the critical subsolutions

and by w a continuity modulus of H; in TV x By for some fixed R > & + || D¢||oo-
Let (pn)n be a sequence of standard mollifiers on R and define

Y (x) = (pn * W) (@) + || pn * Wi — Wil|oos ze TN,

Note that 10, > w; in TV for every n € N and d,, := ||¢, — w;i||oo — 0 as n — +o0.
Up to neglecting the first terms, we furthermore assume that all the d,, are less
than 1. For every n € N, we define a function w" € (Lip(T™))™ by setting w!*(z) =
¢(2)Yn(z) + (1 — ¢(z))wi(z) and w}(z) = wj(z) if j # i, for every z € TN, Tt is
apparent by the definition that wy' is of class C* in B, /5(y). Moreover the functions
(@), and hence the (W"),, are equi-Lipschitz. Indeed, for almost every x € TV,

Dw} (z) = ¢(x) Dipn(z) + (1 — ¢(x)) Dwi(z) + (Yn(@) — wi(z)) Do(z)  (3.2)
thatis |[DW!||ec < K+ ||D¢|loc. We want to show that n can be chosen sufficiently
large in such a way that w™ € H(0) and

H;i(z, Dw}(z)) + (B(z)w"(z)), < —; J for a.e. x € By (y). (3.3)

We first note that, since wj' > w; and bj; < 0 in TN for every j # 4, we have

Hj(z, Dwj(x)) + (B(x)vNV"(:E))j <0 inTN  for every j # i. (3.4)
Moreover, since w” agrees with w outside B, (y), in order to show that w™ satisfies
(3.4) also for j = i, it will be enough, by the convexity of H;, to prove (3.3).

To this aim, we start by noticing that
Hi(z, D} (z)) < ¢(2)Hi(z, Dibn(x)) + (1 = ¢(2)) Hi(z, Dwi(w)) +w (dn | Do)
(3.5)

for almost every z € TV, in view of (3.2) and of the convexity of H;. By Jensen’s
inequality, for every n > 1/r and every = € B, we have

H;(z, Dyy(x)) = H; (x, : Dwi(x—y)pn(y)dy>
1/n

< /Bl/n Hi(x, Dwi(z —y)) pn(y) dy
< w(l/n)+ / Hi(z —y, Dwi(z — y)) pu(y) dy
Bi/n
< [ (B uwa—), o) dy— 5+ w(1/n
Bi/n
< —(Bx)W™(z)), — 6 +w(l/n) +en, (3.6)
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where
€p i= sSup H (B( +2)w(-+2) — B()W"())zHOO

|z|<1/n
Since w" = w in T and all these functions are equi-Lipschitz, it is easily seen that
lim,, €,, = 0. Furthermore
Hi(z, Dwi(x)) < —(B(z)W"(x)), — 6 + e, for ae. x € B.(y). (3.7)

We now choose n > 1/r sufficiently large such that w (dy, || D¢||c)+w(1/n)+e, < §/6
and plug (3.6) and (3.7) into (3.5) to finally get (3.3). The assertion follows by setting
w := w" for such an index n. g

The next proposition shows that the i—th component of any critical subsolution
fulfills the supersolution test on A.

Proposition 3.8. Let y € A. Then, for everyi € {1,...,m} and w € H(0),
Hi(y,p) + (By)w(y)), =0  for every p € D™ wi(y). (3.8)

Proof. Pick w € H(0) and set u = ®. ;(y, -) + w;(y)1. According to Proposition 3.2,
w < u and, by definition of u, w;(y) = u;(y), in particular D~ w;(y) € D™ u;(y).
Now we exploit the fact that u and w are a critical solution and subsolution, re-
spectively: from Theorem 2.3 we infer that w(y) = u(y), while Proposition 1.7
implies

0> Hi(y,p) + (B(y)w(y)), = Hi(y,p) + (B(y)u(y)), =0 Vp € D~ w;(y).

Hence all the inequalities must be equalities and the statement follows. O

A converse of this result is given by the following

Proposition 3.9. Leti € {1,...,m}. The following facts are equivalent:
(1) y&A;
(ii) there exists w € H(0) such that w; is strict at y.

Moreover, w; can be taken of class C' in a neighborhood of y.

Proof. Let us assume (7). Since y ¢ A, the supersolution test for ®. ;(y, -) is violated
at (i,y). This means that there exists a C'! function 1 such that v (z ) < @;i(y, x) for
all z, with equality if and only if z = y, and H;(z, Dy(y)) + (B(y)®.i(y, )) < 0.
We define a function w € (Lip(TY ))m by setting
wi(-) = max{®;;(y,"). ¥ +e},  w;()=L(y,.) forj#i.
Arguing as in the proof of Proposition 3.3 we see that it is possible to choose € > 0
in a such a way that w is a critical subsolution. Moreover, since w; agrees with 1) +¢

in a neighborhood of y, there exist § > 0 and an open neighborhood W of y such
that w; is of class C in W and

H;(x, Dwi(z)) + (B(z)w(x)), < =0 for every z € W.

Conversely, let assume (7). According to Lemma 3.7, there exists w € H(0) such
that w; is smooth and strict in a neighborhood of y, in particular H; (y, D@i(y)) +
(Bly)w(y)), <O0.

In view of Proposition 3.8 we conclude that y & A. O

16



Remark 3.10. Proposition 3.8 expresses the fact, roughly speaking, that the i—
th component of a critical subsolution cannot be strict at y. However, since the
supersolution test (3.8) is void when D~ wj;(y) is empty, this fact cannot be directly
used to prove the equivalence stated in Proposition 3.9. This is the reason why we
needed the regularization Lemma 3.7.

We proceed by proving a global version of the previous proposition. We give a
definition first.

Definition 3.11. Let v € H(0). We will say that v is strict at y if v; is strict at y
for every i € {1,...,m}. We will say that v is strict in an open subset U of TV if
it is strict at y for every y € U.

Theorem 3.12. There exists v € H(0) which is strict in TV \ A. In particular, the
Aubry set A is closed and nonempty.

Proof. Fix i € {1,...,m}. We first construct a critical subsolution v’ whose i-th
component is strict in TV \ A. According to Proposition 3.9, for every y € TV \ A
there exist an open neighborhood W, of y, a critical subsolution w¥ and §, > 0 such
that

H;i(z, Dw!(z)) + (B(z)w¥(z)), < =6, for a.e. z € W, (3.9)
The family {W, : y € TV \ A} is an open covering of TV \ A, from which we can
extract a countable covering (W), of TV \ A. For each n € N, let us denote by
(w",6,) the corresponding pair in H(0) x (0,4o00) that satisfies (3.9) in W,,. Up
to subtracting to each critical subsolution w™ a vector of the form k,1, we can
moreover assume that w{’(0) = 0. Hence the functions w” are equi-Lipschitz and
equi-bounded in view of Proposition 2.2, in particular the function

- 1
vz(x):zﬁw"(x), reTV
n=1
is well defined and belongs to (Lip(TV))™. By convexity of the Hamiltonians, for
almost every z € TV we get

o0

H;(z, Dvi(z)) + (B(x)vz(x))z S Z

n=1

2% (Hz (z, Dwj'(z)) + (B(Jf)w"(x))i) <0.

Moreover, the above inequalities hold with —d;/2* in place of 0 almost everywhere

in Wy, for every k € N. This shows that v' is a critical subsolution, strict in TV \ A.
m .

Now set v(z) = > Lvi(z), for z € TV. A similar argument shows that v is a
i=1

critical subsolution that satisfies the assertion.

If A = @, by compactness we would have H(—4) # & for some § > 0, contradicting
the definition of the critical value ¢ = 0. O

In view of Proposition 3.9, we have the following characterization:

Theorem 3.13. Let y € TV. The following are equivalent facts:
(i) y ¢ A;
(i) there exists w € H(0) which is strict at y;
(i11) there exists w € H(0) and i € {1,...,m} such that w; is strict at y.
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We end this section by extending to weakly coupled systems a result which is well
known in the case of a single critical equation.

Proposition 3.14. The following equality holds:

A= ﬂ {y € ™ . (St)w)(y) =w(y) for everyt>0}.
weH(0)

Proof. Let us denote by A’ the set appearing at the right—hand side of the above
equality. Fix a point y € A and let w be any critical subsolution. For every fixed
index i € {1,...,m}, the function u’ = ®.;(y,-) + w;(y)1 satisfies w < u® in TV
and w;(y) = u;(y). Moreover, u’ is a critical solution, hence it is a fixed point for
the semigroup S(t) by Proposition 2.7. By monotonicity of the semigroup, we have

wi(y) < (SH)w),(y) < (S(H'),(y) = ui(y) for every t >0,

hence all the inequalities must be equalities, in particular (S (t)w)i(y) = w;(y) for
every t > 0. This being true for every i € {1,...,m} and w € H(0), we conclude
that y € A'.
To prove the converse inclusion, pick y € A" and assume by contradiction that
y & A. Fixi € {1,...,m} and take a critical subsolution v such that v; is of class C*
and strict in a neighborhood of y, according to Proposition 3.9. By Proposition 2.8,
the map (¢, z) — v;(z) is a subtangent to (S(t)v);(z) at (to,y) for every ty > 0 and
since the latter is a solution of the evolutionary system (1.3) we get H;(y, Dv;(y)) +
(B(y)S(to)v(y)), = 0.
By sending ty — 0" we get a contradiction with the fact that v; is strict at y.
O

4. REGULARIZATION

In this section we obtain critical subsolutions which are smooth and strict outside
the Aubry set. Note that in the scalar case, under some regularity assumptions on
the Hamiltonian, there exist critical subsolutions that are of class C', or even of class
C11 on the whole torus and strict outside the Aubry set, see [4, 19, 20]. For systems,
we are not able to do it because we do not know how to prove the differentiability of
critical subsolutions on the Aubry set. However, we end the section with some more
precise behavior of their Clarke derivative on the Aubry set, when all Hamiltonians
H;(z,p) are strictly convex in p.

The existence of critical subsolutions, smooth and strict outside the Aubry set,
is obtained by regularization like in [19, 20]. We provide a proof mostly for the
reader’s convenience.

We start with a local regularization argument.

Lemma 4.1. Let u € H(0) and assume that, for somer >0, 6 >0 andy € TV \ A
and for every i € {1,...,m},

Hi(x, Dui(z)) + (B(z)u(z)), < —0 for a.e. x € Ba(y).
Then, for every e > 0, there ezists u® € H(0) such that
(1) llu® —ulleo <&;
(i) v =u inTV\ B, (y);
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(ii))  u® is of class C*° in B, /5(y) and satisfies
H;(z, Duj(z)) + (B(:r)ua(m))z < —% 0 for every x € B, /5(y). (4.1)

Proof. Let ¢ : TN — [0,1] be a C™ function, compactly supported in B,(y) and
such that ¢ = 11in B, 5(y). Let (pn)n be a sequence of standard mollifiers on RN,
For every n € N, we define a function w” € (Lip(TN ))m by setting

wi(z) = ¢(x)(pn*xw;) () + (1 — d(z) ) us(2) for every z € TN and i € {1,...,m}.

It is apparent by the definition that w” is of class C* in B, 5(y) and agrees with u
outside B, (y). Arguing as in the proof of Lemma 3.7, we see that it is possible to
choose n large enough in such a way that w” is a critical subsolution and satisfies
(4.1). Since w" = uin TV, the assertion follows by setting u® := w" for a sufficiently
large n. ]

We now prove the announced regularization result.

Theorem 4.2. There exists a critical subsolution which is strict and C* in T™\ A.
More precisely, for every critical subsolution v which is strict in TN \ A and for
every € > 0, there exists v¢ € H(0) such that

(1) v = vl <&
(ii)) veE=v onA;
(i)  v& is C™ and strict in T" \ A.
Moreover, the set of such smooth and strict subsolutions is dense in H(0).

Proof. We first show how to regularize a subsolution which is strict outside the
Aubry set. Let v be such a subsolution (given by Theorem 3.12) and fix ¢ > 0.
Since v is strict in TV \ A, there exists a continuous and non-negative function
§: TV — R with 67! ({0}) = A such that H;(x, Dv;) + (B(z)v(x)), < —0(z) in TV
for every i € {1,...,m}. Clearly, it is not restrictive to assume that the inequality
§(z) < min{e/2,d(z, A)?} holds for every x € TV, where d(z, A) := infyc 4 d(z,y).
In view of Lemma 4.1, we can find a locally finite covering (U, ), of TV \ A by open
sets compactly contained in TV \ A and a sequence (u"), of critical subsolutions
such that each u™ is C*° in U,, and satisfies

2
Hi(z, Duf) + (B(z)u"(z)), < —3 o(z) for every x € Uy,

[u"(z) — v(z)| < () for every = € TV. (4.2)

Set 0y, := inf ey, 0(x) for every n € N and choose a sequence (1), in (0,1) such
that, for every € TV and n € N, the following holds:

)
[H(x,p) = H(z,p)| < 7 forall p,p’ € Buyy with |p—p| <, (4.3)

where k denotes a common Lipschitz constant for the critical subsolutions, in par-
ticular for all the u™. Last, take a smooth partition of unity (¢, ), subordinate to
(Un)n and choose the functions u” in such a way that the quantities [[u” — V||,
which can be be made as small as desired, satisfy

Z [u* = Voo Dokl < for every n € N. (4.4)

keN
UpNUL#2
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That is always possible since the covering (U, ), is locally finite.
o0
We now define v¢ : TV — R™ by setting v*(z) = Y. @, (z)u”(z) in TV \ A and
n=1

vé(z) = v(z) on A. By definition, v° satisfies assertion (ii) and is C> in TV \ A.
From (4.2) we infer that [ve(z) — v(z)| < §(z) in TV \ A, which shows at once that
v¢ is continuous in T™ and that it satisfies assertion (). Moreover, by taking into
account (4.4) and the fact that Y Dyr = 0, one obtains, for every = € U, and
ie{l,...,m}, that

Dvi (x) — Z gok(x)Duf(w)‘ = ‘ Z (uf(x) — v(w))Dgpk(a:)‘ < Mn, (4.5)
UetOnsto Uil Unste

in particular

1DV (2)| <ma 4+ Y pw(@)|Duf(z)] < 1+ k.

keN
UpNUp#2

We infer that v is Lipschitz—continuous in TV . In order to prove that v¢ is a critical
subsolution and is strict in TV \ A, it will be enough to show that
)
Hi(z, Dvi(z)) + (B(z)ve(z)), < —(;) for a.e. € TV,

()

for alli e {1,...,m}.

Recall the Lipschitz functions v® and v coincide on the Aubry set. Setting w® =
v¢ — v, we infer that if zg € A, then |w®(z) — w®(x0)| < d(x,.A)? < d(z,20)%. Hence
w¢ is differentiable on A with vanishing differential and Dv®(z) = Dv(z) for almost
every x € A. Hence, it suffices to establish the claim in the complementary of A. To
this aim, by recalling the definition of 7, and by making use of (4.5) and of Jensen
inequality, we get that, for every x € U, and i € {1,...,m},

H;(z, Dvi (z)) + (B(z)v®(z)), <

<Hle, Y a@bid@)+ 2+ Y el (Beut),
UyhOnsto UihOnto
< Y a@(Hie Duf@) + (Bau'(@),) + T
Ui 2
2 On d(x)
<yt sy

This concludes the proof of the first part of the statement.

For the density, let u be any critical subsolution. Let v be a critical subsolution
which is strict outside the Aubry set (whose existence is assured by Theorem 3.12).
Then, for any A € (0,1), the function (1 — A)u + Av is a subsolution which is strict
outside the Aubry set. This subsolution can be therefore regularized using the above
procedure, giving a subsolution w which is strict and smooth outside the Aubry set.
Moreover, both these steps can be done in such a way that ||[u — w|| is as small as
wanted. This establishes the density. O

We now additionally assume the Hamiltonians H; to be strictly convex in p and
derive some further information on the behavior of Clarke’s generalized gradients of
the critical subsolutions on the Aubry set.
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We start with a preliminary lemma.

Lemma 4.3. Let y € A and let ul,---  u’ be critical subsolutions. Then, for all
ie{l,...,m}, the set ﬂ£:1 0°ul (z) is nonempty. Moreover, it contains a vector p;
which is extremal for all the sets O°ul(z) and which satisfies

Hi(y,pi) + (B(y)uk(y))i =0 for every k € {1,...,¢}.

Proof. Let w = %Zi:l u* € H(0) and let p; € 9°w;(y) be such that H;(y,p) +
(B(y)w(y))l = 0. Such a p; must exist because otherwise w; would be strict at
y. Note that, by strict convexity of H;, the vector p; must be an extremal point
of 0°w;(x), hence it is a reachable gradient of w;. Let y, — y be such that uf is
differentiable at y, for every k € {1,...,¢} and n € N, and

l
1
Dw;(yn) = 7 ZDuf(yn) — Di-
k=1

Up to extraction of a subsequence, we can assume that Duf(y,) — g for all k €
{1,...,¢}. Then one readily obtains, by Jensen’s inequality, that

l
0= Hily.po) + (Bw(y), < 3 3 (Hilw.a0) + (Bit(),) <0.
k=1

Therefore, all the inequalities H;(y, gi) + (B(y)u®(y)); < 0 summing to an equality,
we deduce, by strict convexity of H;, that ¢ = --- = ¢; = p;. Moreover, since

H;(y,qx) + (B(y)uk(y))l =0 for every k € {1,...,¢},

and because of the strict convexity of H;, one sees that p; is extremal, and thus
reachable, for all the uf . O

We now extend the previous result as follows:

Proposition 4.4. Let y € A. Then, for each i € {1,...,m}, there exists a vector
p; € RY which is a reachable gradient of u; at y for every u € H(0) and which

satisfies Hy(y,pi) + (B(y)u(y)), = 0.

Proof. For each critical subsolution u, let us denote by P" the set of reachable
gradients p of w; at y that satisfy H;(y,p) + (B(y)u(y))Z = 0. This set is not empty
and compact. The proposition amounts to proving that ﬂueH(O) P* # @. If this
were not the case, by compactness we could extract a finite empty intersection. But
this would violate the previous lemma. O

5. RIGIDITY OF THE AUBRY SET AND COMPARISON PRINCIPLE
We start with the following consequence of Theorem 2.3.

Proposition 5.1. Let y € A and i € {1,...,m}. Then v(y) = ®.,;(y,y) + vi(y)1
for every v € H(0).
In particular, v(y) —w(y) € R1 for any v, w € H(0).

Proof. Take v € H(0) and set u := ®.;(y,-) + v;(y)1. According to Proposition
3.2, u is a critical solution satisfying v < u in TV and v;(y) = u;(y). By applying
Theorem 2.3 with zg := y we get the assertion. O
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Remark 5.2. On the other hand, the above property does not hold when y ¢ A.
Indeed, the proof of Lemma 3.7 shows that any critical subsolution v which is strict
at y can be modified in such a way that the output is a critical subsolution all of
whose components except one coincide at y with those of v.

We derive two corollaries:
Corollary 5.3. Let y € A. Then the matriz ®(y,y) is antisymetric.

Proof. Apply the previous theorem to the weak KAM solution ®.;(y, ) and get
®.i(y,y) = ®.i(y.y) + Pij(y,y)L. In particular, 0 = ©;;(y,y) = P;i(y,y) +

Corollary 5.4. Let y € A. Then the critical solutions ®. ;(y,-) differ by a constant
function. More precisely: ®.;(y, ) = ®. ;(y, ) + P;:(y,y)1L.

Proof. Let us apply the last point of Proposition 3.2 twice:
Dpi(y,2) < @iy, y) + Phj(y,2) and Py ;(y,2) < Pii(y,y) + Pri(y; 2)-

In particular, we obtain

Pri(y,2) < iy, y) + Prj(y,2) < iy, y) + Pij(y,y) + Pri(y, 2) = Pri(y, 2),

thanks to the previous corollary. Therefore all inequalities are equalities and that
gives the result. ([

Next, we derive a comparison principle for sub and supersolutions of the critical
weakly coupled system (3.1) which generalizes to our setting an analogous result
established in [6] for Hamiltonians of a special Eikonal form, see Subsection 6.1 for
more details. In particular, we obtain that A is a uniqueness set for the critical
system.

Theorem 5.5. Let v, u € (C(’]I‘N))m be a sub and a supersolution of the critical
weakly coupled system (3.1), respectively. Assume that

for every x € A there exists i € {1,...,m} such that v;(z) < u;(zx). (5.1)

Then v(x) < u(z) for every x € TN. In particular, two critical solutions that coin-
cide on A coincide on the whole TV .

Remark 5.6. The above theorem also implies that two critical solutions u and v are
actually the same if (5.1) holds with an equality. This is consistent with Proposition
5.1, which assures that this “boundary” condition amounts to requiring that u =v

on A.

Proof. In view of the density result stated in Theorem 4.2, the critical subsolution v
can be approximated from below by a sequence of critical subsolutions that are, in
addition, smooth and strict outside .A. Indeed, just pick a sequence (wW"),en such
that [|[w" — vl < n~! and then define v"* = w,, — n~!1 which then verifies v"* < v
and [[v" — vl < 2n~!. Clearly, each element of the sequence still satisfies the
boundary condition (5.1), hence it is enough to prove the statement by additionally
assuming v smooth and strict in TV \ A.

Let us set M := maxj <<, maxypn (v; — u;), and pick a point zg € TV where such
a maximum is attained. By Theorem 2.3 we know that v(xg) = u(zo) + M1. If
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xo € A, then v; would be a smooth subtangent to w1 at xg. The function u being a
supersolution, we would have

0 < Hi (2o, Dvi(z0)) + (B(xo)u(x))l = H, (xo, Dvy (o)) + (B(xo)v(az))l,

in contrast with the fact that v is strict in TV \ A. Hence 29 € A and by the
hypothesis (5.1) we get M < 0, as it was to be proved. O

Last, we show that the trace of any critical subsolution on the Aubry set can be
extended to the whole torus in such a way that the output is a critical solution.

Theorem 5.7. For any v € H(0), there exists a unique critical solution u such that
u=v on A.

Proof. The assertion is derived by setting u;(z) = sup;~q (S(t)v),(x) for every x €
TV and i € {1,...,m}. Indeed, the functions {S(t)v : t > 0} are equi-Lipschitz
and non—decreasing with respect to ¢ and satisfy S(t)v = v on A for every t > 0 by
Proposition 3.14. We infer that u is a vector valued, Lipschitz continuous function
and S(t)v = uwin TV as t — +oc. Last, u is a critical solution for it is a fixed point
of the semigroup S(t). O

6. EXAMPLES

The critical value and the Aubry set for a weakly coupled system of the kind
studied in this paper have, in general, no connections with those of each Hamiltonian,
considered individually. This happens also in simple situations, see Remark 6.1
below. In this section, we present some examples where more explicit results may
be obtained for the critical value and for the Aubry set. In what follows, the coupling
matrix B(z) will be always assumed irreducible and degenerate.

6.1. The setting of [6]. The first example we propose corresponds to the setting
considered in [6]. Assume that all the Hamiltonians are of the form H;(x,p) =
Fi(x,p) — Vi(z), where:

(a) F; and V; take non—negative values;

(b) F; is convex and coercive in p;

(c) Fy(x,0)=0forall z € TV and i € {1,...,m};

(d) M Vi ({0}) # 2.
Under these hypotheses, we claim that the critical value is 0 and that the Aubry
set is nothing but

A=V dop.

Indeed, it is easily seen that the null function u’ always belongs to 7(0). Therefore,
H(0) # @ and the critical value verifies ¢ < 0. To see that there is actually equality,
consider a point zg € NV;~*({0}) and any (C") function u. By Proposition 1.3 we
know that B(zo)u(zp) must have a non—negative entry, say ¢, hence

Hi(xo,Dui(xo)) + (B(xo)u(xg))i = Fi(xg,Dui(xo)) + (B(:no)u(:vo))i > 0.

Therefore, u cannot belong to a H(—e¢) for a positive . The same argument can be
adapted in the viscosity sense for any (non necessarily C!) function. Therefore 0 is
the critical value.
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To prove that NV, *({0}) is the Aubry set, first notice that, for every y ¢
NV;1({0}), there exists an index j such that V;(y) > 0. Then the j-th compo-
nent of the null function u® is strict at y. In view of Theorem 3.13 we get the
inclusion A C N, V1 ({0}).

The opposite inclusion is obtained as previously. Take any u € H(0) and zy €
NV;1({0}). We will do as if u is differentiable at xo, but the argument carries on
in the general case using test functions and the viscosity subsolution property. At
To we must have

F; (z0, Du;(wg)) + (B(mo)u(:no))i <0 for every i € {1,...,m}.

But this is only possible if F;(zq, Du;(zg)) = 0foralli € {1,...,m} and B(z¢)u(zg) =
0. Indeed, otherwise, B(xo)u(zp) will have a positive entry in view of Proposition

1.3, which is impossible. In particular, the above inequality holds with an equality.

Since this happens for any critical subsolution u, we get xg € A in view of Theorem

3.13. As a byproduct, this also establishes that at any point of A, any critical sub-

solution must take as value a vector belonging to R1. This is a particular case of

Proposition 5.1 and accounts for the type of symmetries already remarked in [6] for

the critical solutions obtained via the asymptotic procedure therein considered.

Remark 6.1. It would be interesting to understand what the Aubry set is for the
weakly coupled system considered in the previous example when condition (d) is
dropped. Unfortunately, we are not able to give an answer to this question. Note
that, in this case, ¢ < 0. Indeed, if ¢ were greater or equal than 0, then the
null function would satisfy condition (4i) in Theorem 3.13 at any point y € TY,
contradicting the fact that the Aubry set is nonempty. We point out that similar
examples appear in [28, Remark 3.5] and [32, Example 1.2].

6.2. The setting of [6] revisited. This second example is taken from [32]: the
Hamiltonians are still of the form H;(z,p) = Fi(x,p) — Vi(z) with F; as above,
but the quantities A; := mingn~y V; are not required to be zero. The analogous
condition 2, V; ' ({\i}) # @ is in force. Moreover, the coupling matrix is taken
independent of x. We claim that

m
c=—x(d) and A= (VD).
i=1
where A = (A1,...,\y,) and 7(A) denotes the unique real number such that A —

m(A)1 € Im(B). Indeed, by replacing each H; with H; + A; we reduce to the case of
Example 6.1 and we conclude by using the following result:

Proposition 6.2. Let H; be convex and coercive Hamiltonians for everyi € {1,... ,m}
and assume that the coupling matriz is independent of x. For every A = (A1,..., A\m),
denote by cx and Ax the critical value and Aubry set of the weakly coupled system
with H; + \; in place of H; for every i € {1,...,m}. Then

ex = co + m(A) and Ax = Ao for every X € R™,
where w(X) denotes the unique real number such that X — w(X)1 € Im(B).

Proof. Fix A = (A1,...,A\m) € R™. Then A = w(A)1+ Bu for some g € R™ and for
a unique scalar (), for R™ = Ker(B) @ Im(B) in view of the results of Section 1.2.
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If u is a solution of the critical weakly coupled system associated with Hy, ..., Hy,,
then w := u — p is a solution of

H;i(z, Dwi)+Xi+ (Bw(z)), = co+m(A) in TV for every i € {1,...,m}, (6.1)

thus showing that cx = co + m(X). If we now take as u a subsolution of the critical
weakly coupled system associated with Hi, ..., H,, which is strict outside Ag, we
easily see that w := u — p is a subsolution of (6.1) which is strict outside Ag, thus
showing Ay C Ag. The reverse inclusion can be proved analogously. This concludes
the proof. O

6.3. Commuting Hamiltonians. In this last example we consider the case when
the Hamiltonians are strictly convex and pairwise commute. If the Hamiltonians are
of class C', that means

OH;, 0H; 0OH;0H,; .
Hi, HiY(,p) = ( IS (@,p) =0 in TV xRV
{ K3 ]}(m p) 8p ax 8p 8.23 (CL’ p) m X
for every 4,7 € {1,...,m}. If the Hamiltonians are only continuous, the commu-

tation hypothesis must be expressed in terms of commutation of their Lax—Oleinik
semigroup, see [12] for more details. We also make the additional assumption that,
individually, all the Hamiltonians have 0 as critical value. Then, we claim that 0 is
the critical value of the system as well (whatever the coupling is).

Indeed, it is proved in [12, 37| that the Hamiltonians have the same critical solu-
tions. In particular, there exists a function u € Lip(T%) satisfying

Hi(z,Du) =0 in TV for every i € {1,...,m}

in the viscosity sense. Since the coupling is degenerate, we infer that the function

u’ = u1 is a solution of

H;(z, Du)) + (B(a:)uo(a;))i =0 inTVN for every ¢ € {1,...,m}.

Therefore, the claim is a direct consequence of Proposition 2.12. Moreover, in this
setting, we may localize the Aubry set of the system using those of the individual
Hamiltonians. In order to do so, let us recall another result from [12].

Theorem 6.3. Let Hy,--- , Hy, be pairwise commuting and strictly conver Hamil-
tonians, with common critical value equal to 0. Then they have the same Aubry set
A*. Moreover, there exists a common critical subsolution v which is smooth outside
A* and strict for each Hamiltonian, i.e.

Hi(z,Dv(z)) <0 for every x € TN \ A* and i € {1,...,m}.

Using this theorem, we easily see that the inclusion A C A* holds. Indeed, the
function v(x) := v(z)1 is a critical subsolution for the system which is strict outside
A*.

We also note that, as in the previous example, u(y) € R1 for every y € A and
every u € H(0) in view of Proposition 5.1.

A particular case of this example is when all the H; are equal. In this case we get
the more precise statement:

Proposition 6.4. Let H be a conver Hamiltonian and assume Hy = --- = H,, = H.
Then A = A*. Moreover, all critical solutions of the system are of the form u = ul
where u is a critical solution of H.
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Proof. The inclusion A C A* can be proved arguing as above (note that we do not
need the strict convexity assumption here). Let us prove the converse statement.
Pick v € H(0) and set v(z) := max; v;(z) for every x € TN. We claim that v is a
critical subsolution for H. Indeed, let € TV and p € DV v(x). Then v(z) = v;(x)
for some i € {1,...,m}. Since v > v; with equality at x, we get p € DT v;(z). We
now use the fact that v is a subsolution of the system to get

H(z,p) < H(z,p) + (B(x)v(2)), <0, (6.2)

where the first inequality comes from the fact that

m

(B(z)v(2)), = > bij(x)vj(x) =D bij(x)v(x) =0,

Jj=1 Jj=1
which holds true since b;;(z) < 0 and vj(z) < v(z) for every j # i. Let us now
assume that v is strict outside \A. Then the right inequality in (6.2) is strict as soon
as x ¢ A, yielding that v is a subsolution for H which is strict in the complementary
of A. This proves that A* C A, hence A = A*.

Let now u be a critical solution for the system. Then v(z) := max; v;(x) is a
critical subsolution for H. Moreover, as u(z) = u(z)1 for every x € A, we deduce
that v = u; on A. Since A = A*, there exists a critical solution @ for H such that
@ = v on A. Now the function 1 = @1 is a critical solution of the weakly coupled
system satisfying 1 = u on A. By the comparison principle, i.e. Theorem 5.5, we
conclude that u = . O

APPENDIX A

In this appendix we give a proof of Proposition 2.8.

A function u defined in an open subset U of R* will be said to be semiconcave if,
for every x € U, there exists a vector p, € R¥ such that

u(y) — ul@) < (pavy — 2) +d(y,2)w(d(y,x))  for every y € U,

where w is a modulus. It can be shown this is equivalent to requiring that for every
x,y € U and X € [0,1],

Au(z) + (1= Nu(y) < u(Az+ (1= Ny) + A1 = Nw(d(z,y)).

The vectors p, satisfying the above inequality are precisely the elements of DV u(x),
which is thus always nonempty in U. Moreover, 0°u(z) = DT u(z) for every z € U.
By the upper semicontinuity of the map = — 0°u(z) with respect to set inclusion, we
get in particular that Du is continuous in its domain of definition, see [7]. In what
follows, we will be in the case where U is an open subset of either TV or R, x TV,

We start with the following

Proposition A.1. Let T > 0 and G : [0,T] % TN x RN — R be a locally Lipschitz
Hamiltonian such that G(s,-,-) is a strictly convex Hamiltonian, for every fized
5 € [0,T]. Let u(t,x) be a Lipschitz function in [0,T] x TV that solves the evolutive
Hamilton-Jacobi equation

gﬁ +G(t,2, Dyu) =0 in (0,T) x TV, (A-1)

in the viscosity sense. Then
(i) for every 0 < T < T, the function u is semiconcave in [r,T) x TV;
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(i) if u(0,-) is semi-concave in TV, then the functions {u(t,-) : t € [0,T)} are
equi—semiconcave.

Proof. Since u is Lipschitz, up to modifying G outside [0,T] x TV x By for a suffi-
ciently large R > 0, we can assume that G is superlinear in p, uniformly with respect
to (t,z). We are then in the setting considered by Cannarsa and Soner in [8] and
item (i) follows from their results.

Let us prove (7i). Let us denote by L(t, z, q) the the Lagrangian associated with G
through the Fenchel transform and by ug the initial datum «(0,-). It is well known,
see for instance [7], that the following representation formula holds:

ulta) = inf (uo(g(O))+ /0 L(s,g(s),g(s))ds), (t,z) € (0,T) x TV, (A.2)

where the infimum is taken by letting £ vary in the family of absolutely continuous
curves from [0, ¢] to TV. Moreover, the minimum is attained by some curve v, which
is, in addition, Lipschitz continuous (actually, of class C1), see [10].

We claim that there exists a constant k, only depending on G and on the Lipschitz
constant of u in [0, 7] x TV, such that ||¥||cc < . To this aim, we apply Proposition
2.4 in [24] to the function u(¢,x) and the curve s+ (s,7(s)) to get

% u(s,7(s)) = pe(s) + (p(s),7(s)) for a.e. s €0,¢], (A.3)

where s — (p:(s), pz(s)) is a measurable and essentially bounded function on [0, ]
such that

(pt(s),px(s)) € 6%(8,7(3)) for a.e. s €[0,¢].
By integrating (A.3) and using the Fenchel inequality we get

w@>=uww»3£ma+%@m®m5

< uo(v(O))Jr/O pi(s) + G(s,7(5), p(s)) + L(s,7(s), ¥(s)) ds

N

1MWW+AL@W%ﬂm®,

where in the last inequality we used the fact that u is a (sub)-solution of the time
dependent equation, i.e.

pt+ G(t,x,py) <0 for every (pg,pz) € 0°u(t,x) and (t,x) € (0,T) x TV,
Since 7y is minimizing, all the inequalities must be equalities, in particular we obtain
Y(s) € 9pG(s,7(5), px(s)) for a.e. s €[0,t]. (A.4)
This proves the claim by choosing
K 1= sup {|q| : q € 0,G(s,z,p), (s,z) € 0,T] x TV, |p| < Lip (u; [0,T7] x ']I‘N) },

which is finite since G is bounded on compact subsets of [0, 7] x TV x RV and convex
in p.

Let us now fix t € (0,7), x1,22 € TV, XA € [0,1] and set z = Az + (1 — \)xa. Note
that x1 = x + (1 — A\)h and x93 =  — Ah for h = 21 — 9. Let us denote by 7 a curve
realizing the infimum in (A.2) for such a pair of (¢,x), by K a Lipschitz constant
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for L restricted to [0, 7] x TV x B(0,2x) and by w a semi-concavity modulus for w.
We get

Au(t,x1) + (1= Nu(t, z2) — u(t, x)

< A(uo(v(O) )+ /OtL(s,fy — ANh, (s ))ds)
—l—(l—A)( Y +/OtL ESVIRTE ))ds)

~ (w0 ((0) + /0 L(s7(5),3(s >)ds)
= Mg (7(0) + (1 = Mh) + (L = Nuo (v(0) — Ah) — uo(~(0))

([ (Bls6) + 0= WhA6) — £ls2(6):7(5)))ds
NGy /Dt (L(s,’y(s) — Ah,4(s)) — L(s,’y(s),‘y(s)))ds

<A1-)) (w(d(xl,xg)) + th(xl,xQ)),

which proves the assertion. O

The result just proved will be applied to weakly coupled systems as follows:

Proposition A.2. Let T > 0 and u = (uy,...,uy) € (Lip([0,7] x TV))™ be a
solution of the evolutionary weakly coupled system (1.83). Let B(x) be Lipschitz and
H; be locally Lipschitz and strictly convez, for some fized indexi € {1,...,m}. Then,
for all0 < 7 < T, the function u; restricted to [t,T) x TN is semiconcave. Moreover,
if, the initial condition u;(0,-) is semiconcave, then the functions {u;(t,") : t €
[0,T]} are equi-semiconcave.

Proof. The function wu; solves, for the given index ¢ € {1,...,m}, a Hamilton—
Jacobi equation of the kind (A.1) with G(t,z,p) = Hi(z,p) + (B(x)u(t,x)),, with
(t,z,p) € [0,T] x TV x RN,

The conclusion follows by applying Proposition A.1. ([

We are now ready to prove Proposition 2.8.

Proof of Proposition 2.8. We recall that, by convexity of the Hamiltonians,
subsolutions to the critical system coincide with almost everywhere subsolutions.
This fact will be repeatedly exploited along the proof.

Assume first that ¢ — S(t)u + tal is non-decreasing. Pick top > 0 such that the
map (t,z) — S(t)u(x) is differentiable at (tg,x) for almost every z € TV and

0S(to)u(z) > —al for a.e. x € TV,

By the Lipschitz character of the map (¢, z) — S(t)u(x) and Fubini’s theorem, this
holds true for almost every ¢y > 0. Using the evolutionary equation, which is verified
at every differentiability point of S(t)u(z), we deduce that, for every i € {1,...,m},

H; (m,D(S(to)u)i(x)> + (B(@)S(to)u(x)), <a for ac. x €TV,
28



that is, S(tp)u € H(a). This being true for almost every to > 0, the conclusion
follows by stability of viscosity subsolutions.

Let us now assume reciprocally that u € H(a). We first approximate each Hamil-
tonian H; with a sequence (sz)k of convex Hamiltonians that are, in addition,
locally Lipschitz in (x,p) and strictly convex in p. This can be done by taking a
sequence (py)x of standard mollifiers on RY and by setting

2
e = [ -y B @) e TV <R,
1
Analogously, we approximate the matrix B(x) by a sequence of coupling matrixes
(Bk(:c))k that are Lipschitz in z. Note that, for each index i € {1,...,m}, HF =
H; in TV xRN and B, = B in TV as k — +o0o. Let us denote by Hz(a)
the set of a—subsolution of the weakly coupled system (1.2) with a = a1 and with
HY ... HY and By, in place of Hy,..., H,, and B, respectively, and by S the
semigroup associated with the corresponding time-dependent equation (1.3).

Next, we approximate u with a sequence of (u™),, of functions that are component—

wise semi—concave by setting

ul(x) = ian wi(y) + nd(y, z)? for every x € TN andi=1,--- ,m.
yeT

Fix ¢ > 0. A standard argument shows that, for n large enough, u" € H(a + ¢).
Moreover, by the Lipschitz character of u” and by the local uniform convergence of
(HE,...,HF) to (Hy,...,Hy) and of By to B, we also have that u™ € Hy(a + 2¢)
for k sufficiently large. We now apply Proposition A.2 to infer that the map (¢, z) —
Si(t)u™(z) is semiconcave in [0, 7] x TV for every 7 > 0. By using the fact that the
gradient of a semiconcave function is continuous in its domain of definition and by
choosing 7 > 0 small enough, we get Si(t)u” € Hy(a + 3¢) for every 0 < t < 7. By
exploiting this information in the evolutive weakly coupled system, we get

0
aSk(t)u”(x) > —(a+3¢)1 for a.e. (t,x) € (0,7) x TV,
ie. Si(t+ h)u™ = Sp(t)u™ — h(a + 3¢)1 for every 0 <t <t +h < 7.

Now, by the comparison principle for the evolution equation and by using the fact
that the semigroup commutes with the addition of scalar multiples of the vector 1,
we obtain that ¢ — Sk (t)u”™ — t(a + 3¢)1 is non decreasing. We now exploit the fact
that

Sp(tu"” = SH)u" and SHu" = S(t)u in Ry x TN
k—+o00 n——+00
to infer that ¢ +— S(t)u™ —t(a+3¢)1 is non—decreasing on [0, +00). Being this true
for every € > 0, we finally have that ¢ — S(¢)u™ —tal is non—decreasing on [0, +00).

The last assertion follows from the equivalence just proved, together with the fact
that the semigroup S(t) is non—decreasing and commutes with addition of vectors
of the form a 1 with a € R. O
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