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Abstract

We consider a stochastic discretization of the stationary viscous Hamilton-Jacobi equa-
tion on the flat d—dimensional torus T¢ associated with a Hamiltonian, convex and
superlinear in the momentum variable. We show that each discrete problem admits a
unique continuous solution on T¢, up to additive constants. By additionally assuming
a technical condition on the associated Lagrangian, we show that each solution of the
viscous Hamilton—Jacobi equation is the limit of solutions of the discrete problems,
as the discretization step goes to zero.
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Introduction

Several authors have considered the approximation of the value function in continuous
time Optimal Control by means of the value function given by a discrete time Dynam-
ical Programming Principle. The convergence of this approximation is in fact the basis
for computational methods of solution of the corresponding Hamilton-Jacobi-Bellman
equation. We can mention the book [1] and the articles [3-6,9,13] where convergence
is proved on different settings.

In this paper, we propose a stochastic version of this discretization so to approximate
the solutions of a viscous Hamilton—Jacobi equation of the kind

— Au+ H(x,Du) =ag  inT?, 1)

where T is the flat d—dimensional torus and the Hamiltonian H : T¢ x RY — Risa
continuous function, convex and superlinear in the momentum variable. Under suitable
assumptions on H, there is a unique real constant o such that equation (1) admits
solutions in the viscosity sense. This constant « is often termed ergodic constant or
Marvie critical value. Furthermore, solutions to (1) are unique, up to additive constants,
and are of class C2, hence they solve the equation (1) in the classical sense.

Solutions to (1) can be also regarded as fixed points, for every ¢ > 0, of the operator
S@) : C(T9) — C(T9), defined on the space C(T9) of continuous Zd—periodic
function on RY, as follows:

t
(S(tu) (x) = inf E |:u(Yx(t)) +/ (L(Yy(5), —v(5)) + o) dsi| )
v 0

for every x € TV and r > 0. Here L is the Lagrangian associated to H via the
Legendre-Fenchel transform, v : [0, 00) x 2 — RY is a control process satisfying
suitable measurability conditions and Yy is the solution of the following Stochastic
Differential Equation

Y, (0) = x, ©)

{dYx(t) = v(t)dt + V2dW,
where W, denotes a standard Brownian motion on R¢, defined on a probability space
(2, F,P). In the formula (2), the symbol E stands for the expectation with respect
to the probability measure P and the minimization is performed by letting v vary in a
proper class of admissible control processes.

Given a solution u# of (1), which is also a (stationary) solution of the evolution
equation

3
PPl Av+ H(x, Dyv) = ap in (0, +00) x T¢,

with initial condition v(0, x) = u(x), another way of representing the function
v(t, x) = u(x) is to apply the approximation scheme based on the Trotter-Kato theo-
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rem. Fort > 0 we define the heat and Hopf-Lax operators SH, S/ : C(T%) — C(T9)
by

Sl'o=n'xo,
where 1’ * ¢ is the convolution of the function ¢ with the heat kernel

v

t _4 — L
n'(y) = @mt)y"2e I,

and
t
SHo)(x) = inf (¢<y<t>) + /0 L(y(s), —y‘(s))ds) + tag,

where y : [0, 1] — T ranges over all curves (in a general class) satisfying y (0) = x.
Note that the functions v(z, x) = (S,Hgo) (x) and w(z, x) = (StHJ(p)(x) should be the
solutions of (3/3t)v — Av = 0 and (3/3t)w + H(x, Dyw) = ag in (0, +00) x T,
respectively, with the initial condition v(0, x) = w(0,x) = ¢(x). In view of the
Trotter-Kato theorem, under appropriate assumptions, one may expect the conver-
gence

tim (SH,08M) = tm (sHosHh ) u=u mncah @

n——+00o n—+00

It is unlikely, but if we could find a common fixed point ug € C(T¢) of the family
of operators StHJ o StH with small ¢ > 0, then we would have (Sz% o SIP}H)"MO = ug,
which would imply by the Trotter-Kato theorem that u( is a solution of (1). Notice
here that «g is assumed to be given although the constant « is also an unknown in
problem (1).

Motivated by these interpretations of the viscous Hamilton—Jacobi equation, for
every fixed 7 > 0, we introduce an operator £, : C(T¢) — C(T%) defined as
follows:

Lou(x) = mi[}l (rL(x, —q)+ (" xu)(x + rq)) for every x € RY,
geR

This discretized operator £, is an obvious approximation of the operator St o SH,
with the term To missing, which is to be found in the next theorem.

Theorem1 Ler L : T x R? - R satisfy conditions (L1)-(1L2) below. Then there
exists a unique constant o € R for which the equation

Lou=u—7ta; inT¢ )

admits a solution u € C(T?). Furthermore, solutions are unique, up to additive con-
stants.
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Our main result is the following.

Theorem 2 Assume that L : T¢ x RY — R satisfy conditions (L1)-(L2) below,
together with

Lx+h,g+k) +L(x—h,q—k)—2L(x,q) <M,(|h]” + |k]) (L3)

forall (x,q) € T¢ x R? and h, k € ERd with Ry := +/d /2, for some constants
y € (0, 1)and M, > 0. Let x9 € T4 be fixed and denote by u the unique solution

of
— . d
Liu=u—7ta; inT

such that u; (xo) = 0. Then the family {u; | T € (0, 1)} is equi—bounded and equi—
continuous in C(T?) and (o7, u7) converges to (g, u) in R x C(T?), ast — 0, where
u is the unique viscosity solution to

—Au+H(x,Du) =ay inT9, (6)

satisfying u(xg) = 0.

The paper is organized as follows: Section 1 contains the standing assumptions
and some preliminary facts on the viscous Hamilton—Jacobi equation (1). In Sect. 2
we introduce the discrete operator £, and study its main properties, in particular we
prove Theorem 1. In Sect. 3 we prove equi—continuity of the solutions of the discrete
problems. Section 4.1 is devoted to the proof Theorem 2, while Section 4.2 contains
some examples for which the assertion of Theorem 2 holds true.

1 The viscous Hamilton-Jacobi equation

Throughout the paper, we will call Lagrangian a continuous function L : R? x RY —
R, which is Z%—periodic in the space variable x. Equivalently, L can be thought as
defined on the tangent bundle T¢ x R¢ of the flat d—dimensional torus T¢. We will
assume L to satisfy the following hypotheses:

(L1) (Convexity) forevery x € R4, the map g — L(x, g) is convex on R4,

L
(L2) (Superlinearity) inf x. q)
xeRd |q|

— 400 as |g| = 4o0.

To any such Lagrangian, we can associate a Hamiltonian function H : RY x R — R
via the Legendre-Fenchel transform:

H(x, p) :== sup {{p,q) — L(x,q)}. (L.7)
qeRd

Such a function H is clearly Z¢—periodic in x. Furthermore, it satisfies convexity and
superlinearity conditions analogous to (L.1) and (LL2), to which we shall refer as (H1)
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and (H2) in the sequel. Later in the paper, we will assume L to satisfy the following
additional assumption:

(L3) there exist constants y € (0, 1) and M,, > 0 such that
Lx+h,g+k +Lx—h,q—k)—2L(x,q) < M,(|h]" + |k])

forall (x,q) € T¢ x R? and h, k € Bg, with Ry := +/d/2.

We shall see that this implies the following request on the associated Hamiltonian H,
see Proposition 4.1:

(H3) there exists a constant K = K (y) > 0 such that
|H(x,p) — H(y, p)| < K|x —y|" foranyx,y e T¢, p e R’.

We will see that under the assumptions (H1), (H2),(H3), there is a unique real
constant o for which the equation

—Au+H(x,Du)=cayp inT, (1.8)

admits viscosity solutions. Such solutions are actually of class C> and unique, up to
additive constants. Our goal is to perform a discrete approximation of the solution of
(1.8). In the sequel, we will use the notation C(T9) to denote the family of continuous
functions on T, or, equivalently, the family of continuous and Z%—periodic functions
on R?, endowed with the L>®—norm.

We recall some basic facts about the viscous HJ equation (1.8). Let us begin with
a definition.

Definition 1.3 Let v € C(T9).

(i) We will say that v is a viscosity subsolution of (1.8) if
—Ap(xo) + H (x0, Dp(x0)) < o

for every ¢ € C>(T) such that v — ¢ has a local maximum at xo € T¢. Such a
function ¢ will be called supertangent to v at xg.
(i) We will say that v is a viscosity supersolution of (1.8) if

—Ap(xo) + H (x0, Do(x0)) > ag

for every ¢ € C2(T?) such that u — ¢ has a local minimum at xy € T¢. Such a
function ¢ will be called subtangent to v at xg.

We will say that v is a solution if it is both a sub and a supersolution.

Solutions, subsolutions and supersolutions will be always assumed continuous in
this paper and meant in the viscosity sense, hence the term viscosity will be omitted
in the sequel.
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Remark 1.4 One gets an equivalent definition of viscosity sub and super solution by
replacing, in Definition 1.3, ¢ € C*(T%) with ¢ € C*(T¢) and local maximum or
local minimum) by strict local maximum or strict local minimum, see for instance [2,
Proposition 2.1].

Theorem 1.5 Assume that H satisfies (H1), (H2), (H3).

(i) Any Lipschitz viscosity solution u of (1.8) is of class C>° forany 0 < o <y
and solves the equation in the classical sense.
(1) Classical solutions of (1.8) are unique up to additive constants.
(iii) There is a unique real constant o for which the equation (1.8) admits viscosity
solutions.
(iv) Any viscosity solution of (1.8) is Lipschitz.

It should be noted that, in Theorem 1.5 above, the assumption (H3) is a rather strong
requirement that is needed to conclude the uniqueness assertion (iii), but it is what we
need in what follows.

Sketch of the proof (i) Obviously, we have —C < —Au < C in the viscosity sense for
some constant C > 0, while from [10] we have —C < —Au < C in the viscosity sense
if and only if —C < —Au < C in the distributional sense. Hence, —Au € LOO(Td).
Elliptic regularity theory ensures that u € W>? for any p > 1 and, hence, u € C1-°
for any 0 < o < 1. Moreover, since

—Au+ H(x,Du) =« in T,

by the Schauder theory, we have u € C>? forany 0 < o < y. (ii) Let u, v be classical
solutions of (1.8). Pick R > ||Du||co, ||DV]lco and set C := MaxTd, g, |H(x, p)l.

By convexity, we have that H(x, -) is C—Lipschitz in B, for every x € T9. Hence,
by subtracting (1.8) for u and v, respectively, we get

0=—A(w —v)+ H(x, Du(x)) — H(x, Dv(x))
> —A(u — v) — C|Du(x) — Dv(x)| inT¢,

that is, w := u — v satisfies
—Aw—C|Dw| <0 inT¢,

By the strong maximum principle, we infer that w is a constant. (iii) Observe first
that the comparison result Theorem 3.3 in [7] holds for the discounted equation

— Au+ H(x, Du) + Au = «, A >0, (1.9)

and then use the argument in Sect. II of [12]. (iv) The Lipschitz regularity is a
consequence of Theorem VII.1 in [11]. Indeed, if we set

Fx,p,A)=—-TrA+ H(x, p) — o
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for every (x, p) € R and d x d real symmetric matrix A, then
|F(x, p, A) = F(y. p. A)| < Cd"/?

due to the current assumption on H. This ensures that F satisfies (3.2) of [11]. The
strict ellipticity (3.1) of [11] is valid with F, and thus [11, Theorem VII.1] applies to
(1.8). O

2 Discretization

Throughout this section we will assume L : T¢ x RY — R to satisfy condition (L1),
(L2). We proceed to define a discrete operator L, : C(T9) — C(T?), where the
discretization parameter T is taken in the interval (0, 1). Let us denote by 22 (T%) the
set of Borel probability measures on T¢ endowed with the metrizable topology of
weak*—convergence. The source of randomness will be the heat kernel n* on T¢, that
is the continuous function

n" T > 2[RY)

y g,

where n; is defined as follows:

-
ny(A) i= / e dz  forallA € BRY).
A

(4m)?

Given u € C(T4), we have in particular

1 —y2
/u(z)dni(z)= / u@ e T dz = (%)),
Td R4

Art)2

v

where * (y) := (4711)_% e 4.
The discrete operator L; : C(T9) — C(T9) is defined as follows:

Lou(x) = mir}l (rL(x, —q)+ (" *u)(x + tq)) for every x € R, (2.1)
geR

Proposition 2.1 The operator L : C(T?) — C(T9) is monotone and commutes with
additive constants, i.e.

(i) Leu<LovinRY if u<vinRY;
() L;u+k)=Lu+kinT? foreveryu € C(T?) and k € R.

In particular, || Lru — Lzv]loo < |lu — V] co-
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Proof The fact that £, is monotone and commutes with additive constants is apparent
by its definition. Since v — ||ju — v|| < u < v+ |ju — v||, from items (i)—(ii) we infer

Lov—llu—voo < Lott < Lov+ lu— o inTY.

The following holds:

Proposition2.2 Let t > 0. Then there exists a constant k; such that Liu is k;—
Lipschitz for every u € C(T%).

Proof For any fixed constant A, let us set
Qalx) :={q € RY : L(x,—q) < A} foreveryx € T,

By the growth assumptions on L, there exist constants r (A), R(A) withlim4_, ;o 7(A)
= lim4— 400 R(A) = 400 such that

[0, 7(A)? € Qa(x) C [0, R(A).

In particular, Q4 (x) is a compact subset of R for every x € T¢. Choose A large
enough so that the set O () := Q4. (+) is such that

1 4 d d
O:(x)+ -2 =R for every x € T¢. (2.2)
T

Then, for every g ¢ Q. (x), there exists g € Q(x) such that g — g, = k/t for some
k € Z¢,ie. tq = tq, + k. Then, given u € C(T%), by periodicity we get

" xw)x +19) =" *u)(x + 19 + k) = (" *u)(x + 1qx)
while L(x, —g) > A; > L(x, qy). Setting R; := R4, we have in particular

Lou(x)= min (tL(x,—q)+ " *u)(x +1q)) forallx € T,
q€l0,R; 19

Let us denote by K, a Lipschitz constant of L on T x [—%, R; + %]d Letu € C(’]I'd)
and pick x1, xp € T9. Let us denote by g € [0, R.1% a minimizing vector for £ u(x)
andset& ;=g + (xp — x1)/t sothat x» + g = x1 + t&€. We have

Lou(xy) — Leu(xo)
<tL(x;, &)+ (" *u)(x; + 7€) — tL(x2, —q) — (" *u)(x2 + 79)
=1 (L(x1,—§) — L(x2, —q)) < Kz (1 + 1) |x1 — x2].

This gives the assertion with k; := K;(1 4 7). O
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We end this section with a result we will need in the sequel.

Proposition 2.3 For u € C(T%), t > 0 and x € R we set
argmin(Lou(x)) = {q eR? | Lou(x) = tL (x, —q) + (7 % u)(x + rq)}
Then
—q € 3,H (x, DN xu)(x + tq))  forall g € argmin(L,u(x)).

Proof Let us fix x € T¢. Pick a q € argmin(L;u(x)). Then the function g +
tL(x, —q) + (0" * u)(x + 7¢) has a minimum at . This implies

0e —9,L(x,—q)+ D" *xu)(x +14),
or, otherwise stated,
D(n" xu)(x +14) € 3,L(x, —q).

The assertion follows by convex duality. O

We are interested in finding solutions of the following identity
Lou=u—ta inT (2.3)

where a € R and u € C(T?). We start with the following uniqueness result:

Theorem 2.4 There exists at most one constant « € R for which equation (2.3) admits
solutions in C(T?). Furthermore, the solution u € C(T¢) of (2.3) is unique, up to
additive constants.

Proof Let u; and u; be fixed points with constants «; and «y, respectively. Let x be
a maximum of the difference u; — us. Let g € R4 such that

ur(x) =L (x,—q) + /W u2(z) dny(z) + oz
with y := x + 7¢. By definition we have
ur(x) < tlL(x,—q) + /]l‘d u1(z) dny(z) + o,
So
up(x) — uz(x) < /Td (u1(2) — ua(2)) dnj(2) + (@1 — @2).
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Since x is a maximum of u; — up, we get t(o; — op) > 0, hence @1 > a». By
symmetry, we obtain the equality.

Let us now assume u1, uy are solutions to (2.3) for the same «. By arguing as above
we get

up(x) —uz(x) < /Td (11(2) = u2(2)) dny(2) < max (w1 —u2) = ur(x) — uz(x),

hence u1(z) — u2(z) = u1(x) — ur(x) forevery z € spt(n;) =T, O
Let us proceed to show existence.

Proof of Theorem 1 Let us denote by a(Td) the quotient space of C(T?), where we
identify functions that differ by a constant, and by proj : C(T¢) — G(Td ) the pro-
_]eCthH Since £, commutes with the addition of constants, it defines an operator

L C(’]I‘d) — C(Td) Let us denote by Lip,. (T9) the family of «;—Lipschitz
functlon on T¢, where k. is the constant provided by Proposition 2.2. The set
Iji\pK (T?) := proj (Lip,, (T9)) is a convex and compact subset of C(T9), so we
can apply Schauder fixed point Theorem (see for instance [8, Theorem 3.2, p.415]) to
infer that the operator [I C(Td) — C(Td ) has a fixed-point ii; € LlpK (T%), i.e.

Lr (i) = u,. Lifting these relations to C(Td), we infer that there exists a constant
o; € Rsuchthat Lrur = uy — to;  in T9 with u, = proj_l(ﬁf) € LipKr (']I‘d). The
asserted uniqueness of o in R and u, in C(T?) is guaranteed by Theorem 2.4. O

In view that discretization is often associated with numerical computations, we give
another proof of Theorem 1, which relies on Banach’s fixed point theorem instead of
Schauder’s fixed point theorem. The argument we use is also known in the PDE
literature as ergodic approximation.

Second proof of Theorem 1 Let § > 0, and consider the discounted problem
(A4+8u—Lu=0 inT¢.

By Proposition 2.1, £, : C(T¢) — C(T¢) is 1-Lipschitz. Hence, by Banach’s fixed
point theorem, (1 + 8)"'L; hasa unique fixed point v e C(Td ), which is a unique
solution of (14 8)u — Lu = 0in T?. Let k; > 0 be the constant given by Proposition
2.2,sothatv? = (14-8) 'L, v is (14-8) "', -Lipschitz on T”. Accordingly, the family
{(v%|8 > 0} is equi-Lipschitz on T¢. By the Ascoli-Arzela theorem, we can select a
sequence of §; > 0 converging to zero such that the functions vdi —minfa v3i converge
to a function w in C(T¢) as j — oo. Setting mj := minfe vdiand wj = vl — mj,
we observe by Proposition 2.1 that

0=(1+ 8./)(11)‘/ + m.,') - ﬁf(wj + mj) =1+ 5./)wj + (Sjmj - ,wa.,',
where the first and last terms in the last expression converge to w and £, w in C(T%),
respectively. Consequently, the sequence of the constants § ;m j converges to a constant

—Ta, which implies that £, w — w = ta; in TY. o
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The standard proof of Banach’s fixed point theorem is constructive or iterative, and
therefore, the above proof can be easily implemented for numerical computations.

Definition 2.5 We say that u € C(Td) is an «-subsolution for L if
Lou>u—7ta in T¢.

Denote by H; («) the set of a-subsolutions.

By taking into account the properties of the Lax operator stated in Proposition 2.1,
we easily infer the following facts:

Proposition 2.6 The sets H. () are convex and closed subset of C (Td) and increasing
with respect to o, i.e. Hy () € H.(B) if o« < B. Furthermore:

(i) u+k € H(a) for everyu € H(x) and k € R;
(i) L; (He(a)) € He(@).

Next, we show that all «;—subsolutions for £, are actually solutions to (5).

Proposition 2.7 Let (ar, u;) € R x C(T¢) be a solution of
Loty = up —ta; inTY.
Then H:(az) = {u; + k : k € R}. Furthermore,
a; = min{a : H, (@) # 0}. 2.4)

Proof et us pick u € H(«) and argue as in the proof of Theorem 2.4 with u; := u
and uy := u,. By also using the fact that u < L,u + ta, we end up with

u(x) —uc(x) < / (u(z) — u (2))dny(z) + t(@ —a;)  forallx € T,
Td

By picking x as a maximum point of # — u,, we conclude that @ > «;. When @ = o,
we furthermore get that u — u, is constant. O

We conclude this section by deriving the following bounds on the constant o .

Proposition 2.8 The following holds:

—max min L(y,q) <oy < — min L.
yeTd geRd Td xRd

Proof Let us set L,,(x) := ming g L(x, g). Pick u € He(ar) and set v(x) =
maxqa 4, w(x) := minga u for all x € R?. Then, for all x € T,

ux) —tor = Liulx) < Lyvx) =1L, (x) + maxu < tmax L, + maxu
Td Td Td
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and

u(x) — 1o = Lou(x) > Lrw(x) =1L, (x) + minu > T min L, + min u.
Td Td Td

That implies — maxps L, < oz < —mingu L, as it was asserted. |

3 Equi-continuity of the functions u;

This section is devoted to prove equi-continuity of the functions {u, : 7 € (0,1)},
where u; denotes a solution in C(T9) of the equation

Loty = ur — oy inT¢ 3.1

and o is the constant given by Theorem 1. Throughout the rest of the paper, we will
assume that L satisfies the following further condition, for some constants y € (0, 1)
and M, > 0:

L(x+h,g+k)+Lx—h,q—k)—2L(x,q) <M,(|h|]" + |k|) (L3)

forall (x,q) € T? x R? and h, k € Bg, with Ry := +/d /2.
We start by noticing that

Lou(x) = qnel]ilgl (rL(x, %) + " *u)(x — q))

— min (rL(x, a ; y) + (" * u)(y)> .

yeRd

We introduce the operators &7, F; : C(T?) — C(T¢) defined as

Eou=n"xu,  Feu(x) = min (rL(x, ) +u<y)>.
yeRd T

Notice that L; = F; 0 &. Foru € C(T%) and o € (0, 2], we set

O,w) :=inf{a >0 | u(x +h) +u(x —h) — 2u(x)
<alh|° forallx,h € RY},

and
Ag (T = {v € C(TY) | Oy (v) < 00}.
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We also introduced the following temporary notation, defined for R > 0:
Op p(u) :=infla > 0| u(x +h) +u(x —h) —2u(x) <alh|® for
x,h eRY,  with |h| < R}.

We start with some preliminary results.
Lemma 3.1 Letu € Ay (T?), witho € (0, 2], and R > Ry := ~/d /2. Then

Oo,r(U) = Of ().
Proof 1t is obvious that

Oo,r(U)=Og (1). (3.2)
To prove the reversed inequality, we fix x € R4 and a > 0 and assume that

u(x +h)+ulx—nh)—2ux) <alh|® forx,he R?, with |lh| < R. (3.3)

Set
fh) :==u(x+h)+u(x —h)—2u(x) forallheRY,
and observe that f € C(T%). By the periodicity of f, we see that

M::m%xfzmax{f(hﬂheRd, lhil <1/2 fori=1,...,d)}.
R

Since f(0) = 0, we have M > 0.
By (3.3), we have

M <amax{|h|° | h eRY, lhil < 1/2fori=1,...,d}
<amax{|h|° | h € RY, |h| < R} =aR°,

which implies that
f(h) <M <aR° <alh|° for h € RY\Bg.
This together with (3.3) yields

f(h) <alh|° forallh e RY.

Thus, we have the reversed inequality of (3.2) and conclude that O (#) = O4 g (1).

We derive the following consequence.

m}
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Corollary 3.2 Let0 < p < o < 2. Then
A (T € A, (TY).
Proof Letu € Ay (T?) and x, h € R?.If |h| < Ry, then we have
ux +h) +ulx —h) = 2u(x) < O, W)l < Oy ()R "I,

which shows that ®, g,(#) < oco. By Lemma 3.1, we see that ©,(#) < oo and,
moreover, that A, (T¢) C A p(Td). O

Foro € (0, 1] and u € C(RY), we write

lu(x) —u(y)l

[ulg == sup ——————,
x,yeRY, x#£y lx =yl

and

00 (T?) := {u e C(T) | [u], < oo}.

The following lemma is similar to Corollary 3.2.

Lemma3.3 Let0 < p <o < 1. Then
%o (1% c %P (T9).
Proof Letu € CO*"(Td). Forany x,y € R4, we choose z € Z4 so that
¥ —y—z =§Ielizr}i|x—y—él,

and note that

d
ze [0 —yi—1/2, xi —yi +1/2],
i=1

and
lu(x) —u)| = lu@x) —u(y +2)| < [ulslx —y —z|°
<[ule RS Ix —y—zI” <[uleR] "|x — y|”.
This shows that C*° (T¢) ¢ C%°(T%). o

Proposition 3.4 For any o € (0, 1), we have
Aq (T = C*(T7)
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and for some constant C, > 1, depending only on o,
C;'Op () < [uly < Co®p () foru € Ay (T?.
Proof Let u € C%?(T9) and x, h € R?. Compute that

ux+h)+ulx—nh)—2ux) =ul(x+h) —ulx)+ulx—nh) —ulkx)
< [ulo|h|” + [uls|h|” = 2[uls ||,

which shows that
Ou (1) < 2[uls,

and that C%° (T?) C A, (T9).
Now, let u € Ay (T?), so that we have

u(x) > %(u(x +h) +u(x —h) — Oy (u)|h|°) forallx,h € RY. (34)

Letx,y € R4. We intend to show that
u(x) —u(y) < Clx —y|?

for some constant C > 0, depending only on ®, (#) and o.
By translation, we may assume that x = 0. We need to show that for some constant
C >0,

u(y) = u(0) — Clyl”. (3.5

We may assume that y # 0. Set K = O, («) and letm € N large enough. By (3.4),
we have

1
w2y > S @O+ uy) — K125'y°) fork=1,...,m.

From these, we obtain

27 [u(0) + u@ky) — k27¢ D )y|7]

NE

m
Y27 uy) =
k=1 1

T

m __ 1 m m
= =5, u(0) + D 2 u@ty) — k277 Y 20 Doy
k=1 k=1
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After rewriting the first summation above as u(y) + 221:_11 27ku(2ky), we get

1 — z(ofl)m
u(y) = (1=27"u0) +27"u@"y) = K272 ————— yI’
= u(0) + 27" @"y) —u(0)) — T IyI°
> 0 _2—m _ U’
> u(0) ose(u) = —— Iyl
where osc(u) 1= maxyqd 4 — MingJ U.
Sending m — 400 yields
Og (1)
> y(0) — o,
u(y) zu(0) = =1yl

which proves (3.5), with C = O, (1) /(2 — 27). This readily shows that

O (1) |0‘

lu(x) —u(y)| < [x —y forall x, y e RY.

- 2-20
Hence, we have

1

555 @0 andhence A, (T € C™(T).

[u]le <

The proof is now complete. O

One can show that if 0 € (1, 2], then A, (T9) c C%!(T9), which is left to the
interested reader to check.

Let us now prove the equi—continuity of the functions {u; : t € (0, 1) }. We start
with the following result:

Theorem 3.5 Letu € A, (T¢). Then

1 Ry
@y(frl/l)f (—1+t)y®y(l/l)+TMy 1+ 12 .

Proof Let x € R¢ and choose y € R? so that

Feu(x) =u(y) + tL(x, al ; y).
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For every h, k € R? we get

Fru(x +h) + Frulx —h) —2F;u(x)

Su(y—i-k)—i-tL(x—l—h,w)—i-u(y—k)
+tL<x hw)

—2u(y) — 2tL<x, )

<®(u)|k|y+t|: A h;k)

+L(x— — hrk)—ZtL< :y)]

In order to exploit (L3), we take h € ERd and k := h/(1 4 7), so that |@| =

h .
‘m < Ry. We infer

|h|”

Frule )+ Feu(x = ) = 2Fu(x) < O,@)

which implies

1 Ry
Oy (Fet) < sy @y () + TMy (1 + 1[-1”)'
The assertion follows in view of Lemma 3.1.
Lemma3.6 Letu € Ay (T?), witho € (0, 2]. We have
Og (Erut) < Og (u).
Proof Let x, h € R?. We compute that

Eculx+h)+Eulx —h) —2Eu(x)

=/ n’(y)(u(x —y+h) +ulx—y—h)—2u(x —y))dy
]Rd

=< /d n"(2)®s (W)|h|”dz = O (u) ||,
R
which yields

Oy (Eru) < O ().

I+7

L
+TtM, | | + ——

O
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Theorem 3.7 Letu € A, (T¢). Then

1
< -
Oy (Lru) < (+1 141

R,
)V®y(u)+rMy<l+ d )

Proof By Theorem 3.5 and Lemma 3.6, we obtain

O, (Lu) = O, (F; o Eu)

Ry
O, (E-u) + 1M, <1+ d )

PO
= U+o7 1+7
<1 o wtm 1+R€l’7y
P a— T .
S+ 7™ v I+t

Lemma3.8 Letu € C(T%) and o € (0, 2]. Then
Exu € Ay (TY).
Proof Set
vr(x) = Eu(x) forx e TY.

As is well-known (and easily shown), the function v, is smooth and periodic in RY.
In particular, the second derivatives of v, are bounded in RY, which implies that v; is
semi-concave in RY, that is, ®>(E;u) < o0. Thus, we find that E,u € Az(’JI‘d) and,
due to Corollary 3.2, that E;u € Ay (Td) forall o € (0, 2]. O

Theorem 3.9 Let v > 0 and u, € C(T¢) satisfy (3.1). Then

TB;
®y(”r)§l_AT,
where
-y
1 R Vd
Ap=—— B.=M, |1+ 4 d Rj=-—.
T (1+1)7 T y( +1+‘L’> an d )

We remark that, in the theorem above, 0 < A; < 1,

. T 1
lim = —
=01 —A; y

s
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and forany 0 < T < oo,

TB;
sup
O0<t<T 1 - Ar

< Q.

Proof Using Lemma 3.8 and Theorem 3.5, we infer from (3.1) that
Uy =Fro&ur +ta; € Ay(Td).
By (3.1) and Theorem 3.7, we get
Oy (ur) = Oy (ur — t0r) = Oy (Lrur) < Ar Oy (ur) + 7By,

from which follows

TB;
1—A;

Oy (ur) <

As a consequence of the information gathered, we derive the following fact:

Proposition 3.10 The family of functions {u; | T € (0, 1)} is equi-continuous on T¢.

Proof 1t is a direct consequence of Theorem 3.9 and Proposition 3.4 O

4 The approximation result
4.1 Proof of Theorem 2.

This section is devoted to the proof of Theorem 2. We begin by showing that, under
assumptions (L1), (L2), (L3) on the Lagrangian L, Theorem 1.5 applies.

Proposition 4.1 Assume that L satisfies (1), (L.2), (L3). Then the associated Hamil-
tonian H satisfies conditions (H1), (H2), (H3).

Proof The fact that H satisfies (H1), (H2), i.e. itis convex and superlinear, is standard.
Let us prove (H3). Foreach g € RR? the function ug(x) = L(x, g) belongsto A, (T%)
with ®, (u,) < M,. From Proposition 3.4 we get u, € C%v(T9) and [ugl, <
CyM, .= D,. Thus
IL(x,q) = L(y,q)| < Dylx — y|” forany x, y € T, g € R
Forx, p,h € RY let g+ be such that
H(x £h, p) = pq+ — L(x, qx)
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and let v = %(q+ +q-),u= %(q+ —¢q-), sothat g+ = v £ u. Then

H(x+h,p)+ H(x—h, p) —2H(x, p)
<pw+u)+pv—u)—2pv—Lx+h,v+u)—Lx—h,v—u)+2L(x,v)
=L(x,v+u)—L(x+h,v+u)+Lx,v—u)—Lx—h,v—u)
—L(x,v+u)—L(x,v—u)+2L(x,v)

<2Dy|n|",

where, for the last inequality, we have also exploited the convexity of L(x, -). Thus,
for each p € R?, the function wp(x) = H(x, p) belongs to Ay(’]I‘d) with ©,, (w,) <
2D, so we have that w, € CO’V(’]I‘d) with [w,], <2C, D, = 2MVC)2,. O

Next, we prove an auxiliary lemma.

Lemma4.2 Let ¢ € C(T¢). For every R > 0, there exists a continuous function
w : [0, 4+00) — [0, +00) vanishing at 0, only depending on R and ¢, such that

" % @)(x + 7q) — (x)
T

—(Dp(x),q) — Ap(x)| < w(T)

forall (x,q) € T¢ x Bg and t > 0.

Proof Let ¢ € C>(T¢) and set u(x, 1) = n' % ¢(x) for (x,1) € R x (0 + o0) and
u(x,0) = p(x) forx € R4, It is a standard observation that for any multi-indices o,
with [a| < 2, D%u € C(R? x [0+ 00)) and D%u(x, 0) = D%p(x) forall x € R?, and
that u /3t — Au = 0in R? x (0, +00). Observe that, for any (x,q) € R? x Bg,
. Tdu
N xex+1q) — k) = /O E(x +1q,t)dt

=/ ((Dxu(x+tq,r),q>+3—”(x+rq,r))dt

0 at

=/ ((Dxu(x+tq,t),q)+Au(x+tq,t))dt.
0

Now, setting

w(r)=(x,q’t)eﬂlgc}%moy i (Dxu(x+tq,1) — Do(x), q)+Au(x+1q,1) = Ap(x)],
we have

w € C([0+ 00)), w(0)=0,
and
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" *x@)(x + 1q) — p(x)
T

—(Dp(x), q) — Ap(x)| < w(T)

forall (x,q) € T? x Bg and T > 0. O

Proof of Theorem 2 1t follows from Proposition 4.1 and Theorem 1.5 that there exists
a unique pair (o, #) € R x C(Td) with u(xo) = 0 such that u is a viscosity solution
to

—Au+H(x,Du)=a inT¢. 4.1

In view of Proposition 2.8 and Proposition 3.10, of the fact that u,(x¢g) = 0 for all
T € (0, 1) and of Arzela-Ascoli Theorem, we have that the set {(«;, u;) | T € (0, 1)}
is precompact in R x C(T). In order to prove the assertion, it is therefore enough to
show that, if the pair (c, u) is the limit of (¢, , ur,) in R x C(Td ) for some 1,, — O,
then u is a solution to (4.1). Let us first show that such an u is a viscosity subsolution to
4.1).Letg € c3 (Td) be such that u — ¢ has a strict maximum at xg. Then there exists
a sequence of points (x,), converging to xo in T¢ such that us, — ¢ has a maximum
at x,. Let us set &, := max(u,, — ¢) and @, := ¢ + &,. Then

ur, <gn nT and  ug, (6) = @n(xn).
By the monotone character of the operator £, we infer
@n(xn) = g, (xp) = Loz, (Xn) + Taty, < L1, 0n(xn) + Tnotz,,
hence, since ¢, = ¢ + &,

(p(xn) - Etn(p(xn) <o, 4.2)
Tn

By definition of £, , we infer that, for every fixed ¢ € R4,

©(xn) — (™ % @) (xp + T0q)
Tn

— L(xy, —q) < ag,

By sending n — +o00 and by making use of Lemma 4.2, we end up with
—Ag(xo) + (Dg(x0), —q) — L(x0, —q) < a.

By taking the supremum of the above inequality with respect to ¢ € R?, we finally
get, by the duality between L and H,

—Ap(xo) + H(x0, Dp(x0)) < «,

thus showing that u is a viscosity subsolution to (4.1). Let us now show that u is
a viscosity supersolution to (4.1). Let ¢ € (& (T9) be such that u — ¢ has a strict
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minimum at xo. Then there exists a sequence of points (x,), converging to xq in Td
such that u;, —¢ has aminimum at x,,. Let us set &, := min(u, —¢) and ¢, := @ +¢,.
Then
. rmd
ur, > ¢, inT  and  wug, (xn) = @n(xn).

By arguing analogously, we end up with

©(xn) — Lo, 0(xp) -

= O,
Tn

For each n € N, pick a minimizing ¢, € R4 for L, ¢(xy), so that the previous
inequality rereads as

©(xn) — (™ % @) (Xp + Tuqn)
n

— L(xy, —qn) = 0q,. “4.3)

By making use of Proposition 2.3 and of the fact that | D(n* * ¢)(x,)| < || D¢|lc0, We
infer that there exists R > 0 such that g, € Bg for every n € N. Up to extracting a
further subsequence if necessary, we can assume that g, — ¢g. Now wesendn — 400
in (4.3) to get

—Ap(x0) + (Dg(x0), —q) — L(x0, —q) = a.
By the duality between L and H, this implies
—Ap(xo) + H(xo, Do(xo)) = «,

finally showing that u is a viscosity supersolution to (4.1). O

4.2 Examples

In this section, we exhibit some examples of Lagrangians for which the conclusion of
Theorem 2 holds true.

Example1 L € C(TY x RY) satisfies (L1), (L2) and min,cga L(x,q) = c for all
x € T for some constant ¢ € R.

This example includes the case when L is independent of x, or the case L(x, g) =
a(x)|g|™ withm € (1, +o0) and a : T¢ — (0, +00) Lipschitz continuous.

In this case ; = —c by Proposition2.8 and u; = Oforevery r > 0, so convergence
of the u, trivially holds.

Example2 L(x,q) = Lo(q) + f(x) where f e C%Y(T¢) with y € (0,1) and
Lg € C(Rd) satisfies (L1), (L2) and

D;Lo(q) < Coly inRY\Bpg, (4.4)
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in the sense of distributions, for some constants Cy > 0 and Ry > 0.

This example includes the case Lo(g) := |g|™ with m € (1, 2]. Indeed,

DLy(g) = mlq|"%q and
D?Lo(q) = mlq" Iy + (m — 2)§ ® §) < mlq|" 14,

where g = q/|q|. The case Lo(q) := |g|™ + |g| withm € (1, 2] is also included.
It is clear that L satisfies (LL1) and (L.2). As for (L.3), first note that

Ja+h)+ fx=h) =2f(x) =[fx+h) — fOI+|f(x—h) = fx)
<2[flylhl".

Condition (L3) is fulfilled in view of the following result:

Lemma4.3 LetLg € C(Rd) satisfy conditions (1), (.2) and (4.4) for some constants
Co > 0and Ry > 0. Then, for every A > 0, there exists a constant C 4 > 0 such that

Lo(q + k) + Lo(qg — k) —2Lo(q) < Calk| forall (q.k) e R? x B4. (4.5)

Proof Fix A > 0. By the fact that the function L¢ is convex and locally bounded,
we infer that it is Lipschitz on every ball in R¢. In particular, there exists a constant
C4 > 0 such that

ILo(q) = Lo(m)| < Calg —n| forallg.n € Brys2a.
From this, we get
Lo(q k) — Lo(g) < Calk| forall (q,k) € Bryra x Ba.
Adding these two yields

Lo(q + k) + Lo(qg — k) —2Lo(q) < 2Calk| forall (g,k) € Bryta x Ba.
(4.6)

Let (x0, g0) € T¢ x (R¥\Bgy+4). By (4.4) we have
D;Lo(q) < Colg forall g € B(go) 4.7

in the distributional sense. Let (p8)8>0 be a family of smooth mollifiers and set

Le(g) = /Rd ps(E)Lo(E — q)de  forallg € RY.
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The

function L, is smooth and, for ¢ > 0 small enough, satisﬁei (4.7) pointwise with

the same constant Cy > 0. By the Taylor theorem, for any k € B4 we have

1 1
Le(go £ k) — Le(qo) = (DgLe(qo), £k) + 5/0 (- l)<D§Ls(QO + th)k, k)dt

IA

1 1
(DyLe(go), 4k) + 5 / Colk .
0

Adding these two yields

Le(qo + k) + Le(go — k) — 2Le(go) < Colk|* < CoAlk|.

By sending ¢ — 0 we conclude that

Lo(qg + k) + Lo(g — k) —2Lo(q) < CoAlk| forall (¢, k) € (R*\Bgy1a) X Ba.

This combined with (4.6) implies claim (4.5) with C4 := max{CpA, ZC'A}.
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